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PREFACE 



TO THE SECOND EDITION, 



By the publication of the former edition of the < Treatise 
on< Dynamics^ I consider myself as having contracted a sort 
of obligation to present the subject to the Students of the 
University fn the best form I can devise, so long as the work 
is in use. Otherwise I do not think that with my present 
occupations and engagements I should have ventured upon 
a task which now appears to me so di£Scult and so respon- 
sible as the composition of such a Treatise. A few years 
experience has a great tendency to diminish the confidence 
of producing what shall satisfy himself and others, with 
which a young author sets out ; and he learps that the vivid 
impression of the fancied deficiencies and imperfections of 
preceding works which at first induced him to write, is a 
very insufficient warrant of his own skill and judgement* 

I will say a few words as to the views with which I have 
prepared the present edition. 

A leading object in compiling a Treatise on Dynamics for 
the use of this University must of course be to conduct the 
Student through most of the reasonings, formulae and proposi- 
tions which are requisite as a preparation for the higher inves- 
tigations connected wfth physical science, and especially with 
the most profound and perfect of mathematical sciences, Phy- 
sical Astronomy, From the beauty, the importance, and the 
celebrity of this portion of mathematics, it has necessarily 
been long the ultimate goal and aim of the best mathe- 
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maticians; and there can be no doubt that, so far as is 
practicable, our study of the science of Mechanics should 
from the first be regulated with the view of making it 
a fitting introduction to the mechanics of the universe. Till 
recently however it has not been easy to efiect this. The 
admirable systematical treatises of Laplace and Lagrange, 
and still more the various memoirs which contain the original 
labours of those and other great mathematicians on this 
subject, are not suited to the common Student, and can 
never be familiarly consulted or fully mastered except by 
accomplished and persevering analysts. When the first edition 
of the present Treatise was published, the only English work 
on the subject which professed to be elementary was the 
** Physical Astronomy^' of the late Professor Woodhouse. 
Every one acquainted with the recent history of Cambridge 
studies, will be ready to pay his tribute of respect to the memory 
of Mr Woodhouse, and to assign to him the high praise of 
having been the first to introduce mathematics among us in the 
form which the advancing researches of continental mathemati- 
cians had given to the science. He laboured long almost alone 
to promote this object ; but the change to which he gave the 
first impulse has eventually taken place in the fullest manner. 
Like his other works, his Physical Astronomy contains the 
most ample evidence of great thought, great learning, and a 
strong wish to be practically useful. But I do not think 
that it has been found a convenient book for the Cambridge 
Student, and it appears to me difiicult to introduce any 
considerable portion of it into the usual course of reading. 
Within the last few years however the deficiency which ex- 
isted in this respect has been admirably supplied by Professor 
Airy's " Mathematical Tracts C^ and those who wish to pursue 
these investigations still further, can now have recourse to 
Mrs Somerville's ^^ Mechanism of the Heavens.'' 
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• 

Without speaking ot the other merits of Professor Airy'^s 
Tracts, I may observe that by their plan, and especially by 
their subdivision into Propositions, they are peculiarly adapted 
to our course of study. The student of this magnificent 
subject on a wider scale will find reason to acknowledge 
great obligations to Mrs Somerville for having put in a con- 
venient and compendious form the results of some of the 
most modern improvements in its investigations. And . most 
readers will, I think, allow that the unparalleled occurrence 
of our owing such a work to a female pen gives an additional 
pleasure to our gratitude. Nor are the circumstances which 
so much attract our admiration to this work without their 
bearing on its usefulness here. Our willingness to adopt 
a more extended study of the mechanism of the heavens 
into our academic system must needs increase, when these 
severer studies, thus shewn to be reconcilable with all the 
gentler train of feminine graces and accomplishments, can no 
longer, with any shew of reason, be represented as inconsistent 
with a polished taste and a familiar acquaintance with ancient 
and modern literature. 

Having before me such books of instruction for the higher 
parts of the science, I have endeavoured to lead the Student 
up to them, and have given a few of the introductory steps 
of the Lunar and Planetary Theories, so as to place him at 
the point from which he may proceed under the auspices of 
these worthier guides, to whom I have in ctach of these cases 
finally referred him. In this part of the work, I have in- 
troduced several of the analytical investigations of Laplace 
and other writers on the subject; as the developement of v 
and r in terms of t ; (Art. 32 — 35 ;) the curious theorems of 
Lambert concerning the ellipse and parabola, which are of 
use in the problem of the orbit of a comet ; (Art. 36 — 38, 
and 41 ;) and Pontecoulant^s elegant integration of the equa^ 
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tions of elliptical motion Art. 28 ; as well as the proof of 
equations (P), (Q), (/?), (/?'), from the Mecanique Cdeste, 
the general equations belonging to the problem of three bodies 
(Att. 87 — 88). 

. Another main object of the present edition appeared to 
me equally necessary with reference to the course of mathe- 
matical reading commonly pursued in this place^ and more 
difficult to accomplish : I mean the assigning to the Principia 
of Newton its proper place among our Dynamical studies. 
On this subject there has existed, and probably still exists, a 
good deal of difference of opinion in the University. Some 
strenuous analysts have loved to maintain that the study of 
Newton^s works in their original form, or in a form somewhat 
like it, has long been a millstone about the neck of our system 
of mathematical education ; that it wastes the time and ruins 
the taste of our Students, destroys the unity of our calculus, 
and limits the range of our generalisations. Others again 
have held that, from us, countrymen and disciples of Newton, 
.his works have a paramount claim to attention ; and they have 
asserted moreover that the geometrical and synthetical me- 
thods 'which he pursues offer to us examples of solid and 
itistructive reasoning, while analysis too often merely gives us 
results which exercise no intellectual faculty, nor convey any 
satisfactory knowledge. I shall not attempt to decide between 
these rival opinions. I will observe however that if we should 
resolve to preserve a part of the Principia in our examinations 
only as a matter of mathematical history, and as a token of 
our veneration for Newton, a very few propositions might 
answer the purpose, and spare valuable time ; and that if 
much of the work is to be retained, this ought to be done on 
the ground of its being a useful portion of djrnamical science. 
I conceive moreover that a considerable number of the pro- 
positions of the Principia, including most of those which 
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usually appear in our examination papers, have this substan- 
tial claim to our notice. I refer especially to the propositions in 
the Third Book, and to those in the First Book on which thq9e 
mainly depend. There are very considerable advantages to the 
Student in Newton^s mode of investigating the motions of tb^ 
heavenly bodies. Nothing could be more unwise than to deny 
the vast superiority which the analytical methods possess in 
the treatment of all complex and general problems. Laplace 
(Syst. du Monde p. 423.) has very well stated the compara- 
tive characters of these methods and of that of Newton. And 
his concluding remark is well worth notice : " Cependant, Ics 
considerations geom^triques ne doivent point etre abandon- 
n^s; elles sont de la plus grande utilite dans les arts. 
D^ailleurs, il est curieux de se figurer dans Tespace les divers 
r^sultats de Tanalyse ; et r^iproquement, de lire toutes les 
affections des lignes et des surfaces, et toutes les variations du 
mouvement des corps, dans les equations qui les expriment. 
Ce rapprochement de la geometric et de Tanalyse repand un 
nouveau jour sur ces deux sciences ; les operations intellectu- 
elles de celle-ci, rendues sensibles par les images de la premiere, 
sont plus faciles k saisir, plus int^ressantes k suivre.^^ With 
regard to the Newtonian calculations of the lunar inequalities 
indeed, it appears to me that they have not yet had justice 
done them. They are far from being, as is commonly sup- 
posed, rude approximations, incapable of any exactness com- 
parable with that which a few steps of analysis obtain, and 
valuable only as exhibiting the mode of operation of the 
forces, and the form of the results. On the contrary they 
tend, for the most part, to an accuracy greater than that of 
the first steps of the analytical approximations ; and it would 
require coni^iderable calculation, in the analytical way, to go 
beyond them. Thus the motion of the node (Art. 84) is found 
by Newton's method true as far as tn^, (where m is the 
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fraction which a month is of a year ;) and this^nethod might 
be made to give the annual equation of the motion of the node, 
(p. 146,) which determinations would require several steps to 
obtain them from the equations. Indeed it is not difficult 
to see the reason of this property of the geometrical method. 
In the symbolical process, the terms are arranged according 
to the powers of a small quantity, and no term can be re- 
jected without ascertaining analytically that the rejection will 
not affect the powers which are retained : but in the geo- 
metrical method the extent to which an inequality will be 
affected by other inequalities is judged of by the nature of 
its dependence on the forces producing it, and not by the 
symbols by which it is denoted. It may easily happen that, 
by considering this dependence, we obtain an accuracy which 
it would require several terms to express. 

The motion of the nodes, found by Newton's method, 
in Art. 84^ and agreeing with the analytical result as far as 
the term involving m^, is the value when we leave out of con- 
sideration the effect of the change of the radius vector, and 
the acceleration of areas produced by the disturbing forces. 
But Newton has also considered the effect of these disturbances 
of the second order in the motion of the nodes (Art. 83). And 
it has been shewn by Plana (ZacA, Corresp. Astron. Vol. xvi,) 
that, when the corrections given by his method are properly 
applied, the results are correct as far as the term involving m^. 
The variation of the radius vector of the Moon's orbit from 
1 + a? to 1 - a? diminishes the mean motion of the nodes in the 
ratio 1 to 1 - 2a? (Art. 83.) : and the unequal description of 

areas produces a further diminution in the ratio 1 to 1 . 

4 

And as the mean motion of the nodes is of the Moon's 

4 

true motion, (neglecting ulterior terms,) the correction of 
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the mean motion arising from the causes just mentioned is 
I 2.17 H I 5 as stated by Laplace and Plana*. 

I have not introduced this correction in the text, though 
it is applied by Newton, (Book iii. Prop. 31,) because it has 
not generally made part of the reading of the Principia in 
this place; and my object was not to introduce new employment 
of this kind ; since, however curious such investigations might 
be, they must be considered as deviations in the path of the 
student who wishes to make a systematic advance in cosmical 
Dynamics. For the same reason I have omitted some other 
propositions of the Third Book. 

It is the more necessary not to devote too much time to 
the geometrical method $ since not only is that method soon 
stopt by insurmountable obstacles, but we cannot be sure 
of obtaining even a first approximation by means of it. Thus 
the greatest periodical inequality of the Moon'*s motion, the 
Evection, and the great permanent inequality, the progression 
of her apsides, cannot be calculated at all, even loosely, 
as to quantity, by the methods given by Newton, or by any 
of his followers. 

But in the cases where Newton has explained his mode 
of finding the amount of the Lunar inequalities, I have thought 
I should be doing a service to the English reader in offering 
to him such propositions, retaining the reasoning of the Prin- 
cipia, but expressing it in such a manner as to facilitate a 
comparison of the results thus obtained with those obtained 



• It may be mentioned also that Professor Woodhouse and Mr Lubbock have 
shewn that Newton's value of the horary motion of the node 

a iV= 3»»2 a e COS. (0' - e) sm. (0 - JV) sin. (0' - JV), 

(see p. 144 of this volume,) results from the equations obtained in the analytical 
investigation of the subject and is true for all powers of the disturbing force. See 
Phy,sical Astronomy, p. 441, 442. Phil. Trans. 1832. Tart I. p. 39. 

h 



PREFACE. 



hy the analytical methods, principally as given by Professor 
Airy. This comparison appears to me extremely curious. 
I have instituted it both to illustrate the more vague and 
general proof of the ewistence and form of the lunar in- 
equalites, which Newton gives in the 66th proposition of the 
First Book ; and the more precise calculation of their quantities^ 
which occupies the greater part of the Third Book. 

No one I think can study this portion of the Principia 
without considering it, as Laplace calls it, one of the most 
remarkable parts of that unrivialled work. For my own part, 
though I previously had always admired Newton as the greatest 
of philosophers, my admiration of him has received no slight 
accession from this examination of his immortal labours. Men 
have often a tendency to represent the greatest discoverers 
as in a considerable degree the products of their age; — as 
the persons who conceive in a distinct form that which was 
floating vaguely in the minds of their contemporaries; who 
first utter the word which was rising to the lips of many. 
Such opinions have sometimes been entertained of Newton ; 
most inadequate notions, as appears to me, of his true place 
and character. If we allow that some half-anticipations of 
this kind were in existence with regard to the doctrine of the 
gravitation of revolving bodies to their central ones, let us 
observe how much remains to elevate him above the stature 
of common men ; 

To prove that, by a central ^force varying inversely as the 
square of the distance, bodies would describe ellipses according 
to Kepler's Laws, was a step of geometry which was necessary 
for the verification of the conjecture of central gravitation ; 
and this step it does not appear that any other geometer of 
that time could make. But Newton'*s progress only began here. 
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The advance from this to universal gravitation was all his 
own ; and the confirmation of this vast thought required the 
establishment of another set of curious and difficult geometrical 
propositions (Prop. 71, & seqq.) And when he had reached 
this lofty summit of truth, the manner in which he darted 
down again upon all the particular consequences which the 
general principle involved, has no parallel, so far as I have 
ever read, in the history of the mind of man, either with regard 
to the sagacity with which be perceived the nature of the 
effects, or the mathematical power with which be traced their 
details. All the most various and apparently incoherent phe« 
nomena were arranged at once in their true places. The 
different inequalities of the Moon''s motion which had been 
gradually and painfully detected, one by one, century after 
century ; the slow precession of the equinoxes among the stars ; 
the ancient puzzle of the tides; the changed rate of a pen- 
dulum carried to the equator; these known facts, and other 
appearances, no less real, but which men were now first taught 
to see, were all conceived in his mind as manifestations of one 
single law ; and their circumstances defined with a fertility and 
beauty of mathematical resource which have never been sur- 
passed. If any one would compare Newton with other men, 
let him set aside for a moment his greatest glory, the discovery 
of universal gravitation, and supposing the law given, let him 
ask what one, or two, or three mathematicians of that time, 
or of any time, beginning from the point where he began and 
using his instruments, could have deduced from that law the 
train of consequences so remarkably verified in the material 
world, which are presented in the Third Book of the Principia. 
It adds to the extraordinary character of this book, and 
it adds also to its difficulty, that it has the appearance of 
having been written with great rapidity. The propositions 
are very far from being presented in that concinnity of synthesis 
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with which a very little additional trouble might have invested 
them; and many of the calculations are thrown together with 
small regard to order, fulness or clearness. The author has 
not time to explain all his reasonings: thus he takes a step 
" ob causam quam hie exponere non vacat :^ (Book iii. Prop. 23) : 
in one of the most complex of his investigations (Prop. 31) he 
gives the conclusion '^ uti rationem ineunti facile patebit f ' and 
after calculating some of the lunar inequalities, and explaining 
his methods, he gives the results of the calculation of several 
others with little or no explanation, in the Scholium after 
Prop. 35, " Per eandem theoriam inveni praeterea" is the 
way in which he states the amount of the annual equation, 
*^' Inveni etiam*" is the introduction to the annual equation 
of the motion of the apogee and of the nodes : " per theoriam 
gravitatis constitit etiam" is the phrase for the " equatio semes- 
tris :*" " uti ex theoria gravitatis colligo" for the '' semestris 
secundaf^ and the eflfect of the evection, with some other 
inequalities, is very briefly stated in the same scholium. 

It has often been asserted, sometimes in sorrow and 
soj[netimes in anger, that the countrymen of Newton have 
done little or nothing for that sublime science of which he 
was the founder. The charge is not without its share of 
truth; and it can hardly be urged in defence that their 
faculties were absorbed in the study of their great teacher. 
For if they had employed themselves in verifying the above 
calculations and presenting the investigations in a distinct and 
accessible form, their labours would have been, at an earlier 
period, of considerable value; and the geometrical method of 
treating the problem of the three bodies might have had its 
triumphs to point to, as well as the analytical. I am not 
aware that this has been done in any degree, or that any 
English commentator on Newton has yet attempted to sim- 
plify and explain the Third Book of the Principia. We cannot 
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consider as an important exception to this remark, the mode 
of finding the mean motion of the Moon^s nodes, assuming the 
horary motion as determined in the Principia, which Machin 
and Pemberton separately invented, and which is published 
by Newton himself in the third edition of the Principia. 
Yet with such exceptions, neither in the period immediately 
succeeding the publication of the Newtonian theory, nor in 
more recent times, have the calculations founded upon it been 
elucidated or extended by Englishmen. Before 1750, when 
Clairaut rightly explained the supposed discrepancy between 
the observed amount of the motion of the Moon^s apsides and 
that resulting from theory, several English writers (Machin, 
Walmesley, Murdock) had pretended to deduce the true 
quantity from the Newtonian doctrine; but inasmuch as they 
neglected the transverse disturbing force, we know that there 
must have been some mathematical fallacy in their deduction. 
Thomas Simpson, who makes this observation, had obtained 
the solution of the question in a more analytical manner, but 
was anticipated in his publication of the result by Clairaut, 
who announced his own success in the same research. Since 
that time we can scarcely mention any English attempts to 
illustrate or carry forward this subject. The second volume 
of the Astronomy of the late Professor Vince contains several 
parts of the theory of the Moon, " in which" says he, " we 
shall principally follow the indirect methods of Newton and 
Frisi;" but I believe few mathematicians have been tempted 
to go through the labour of mastering and verifying the cal- 
culations in that work. 

In the present volume I have of course not followed the 
train of propositions by which Newton investigates the quan- 
tity of the precession of the equinoxes. According to the 
division of the science here adopted this subject belongs to 
the Third Book : but perhaps the manner in which it is treated 
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in Professor Airy^s Tracts may supersede the necessity of my 
entering into detail with respect to this problem. I have also 
omitted the investigations concerning the determination of the 
orbits of comets; a subject which from its extent and com- 
plexity might properly be made the business of a separate 
tract. 

I have in most cases adopted Newton^s numbers ; for any 
additional accuracy of calculation will probably be now rather 
sought by other methods ; and if any one wishes to compare 
my results with the text of the Principia, this agreement will 
facilitate the reference. In cases however where Newton'*s 
numbers are widely wrong, as in the instance of the mass 
of the Moon, I have substituted the more correct modem 
determinations. 

Besides the Third Book of the Principia, I have introduced 
all the propositions in the First Book, which can, according to 
my judgment, be at present useful to the mathematical Student. 
I have already published the first three Sections in a separate 
form. I have here inserted, from the 6th Section, the construc- 
tion for the place of a body in a parabolic orbit ; from the 7th, 
the construction for the motion of a falling body for the two prin- 
cipal laws of force ; the whole of the 9th Section, on Revolving 
Orbits ; the 11th, on the Problems of Two and of Three Bodies ; 
the 12th, on the Attraction of Spheres, as far as relates to the 
inverse square of the distance ; and a proposition or two from 
the 13th Section. These are, I conceive, the propositions which 
have really that geometrical clearness and elegance which makes 
them convenient steps or illustrations in a Treatise on Dynamics ; 
and so introduced, the reading of Newton may facilitate, and 
need not retard, the systematic study of the subject. But 
it is only thus that such reading is likely to be of service. If 
Newton^s propositions are detached from the general body of 
Dynamics, made a separate subject and science, loaded with 
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deductions, comments and technicalities, they will certainly 
be far more of a hindrance than a help to us ; and except they 
are treated in a purer spirit of geometry than is usually be- 
stowed upon them in examinations, they will bring the young 
mathematician but small reward for the time and trouble he 
may employ upon them. 

In presenting Newton^s reasonings, I have in. all cases 
substituted integrations for quadratures. All mathematicians 
will, I presume, allow that quadratures are merely integra- 
tions disguised. Such analytical processes, when they were 
new and strange, were very naturally translated into the 
synthetical language with which readers were then more fa- 
miliar. But there is, in such contrivances, none of the pe- 
culiar evidence and reasoning of geometry : and if now, when 
neither writer nor reader thinks of finding the area of a curve 
otherwise than by an integral, we should still compel our- 
selves to represent an interval by an area, we should resemble 
Englishmen who torment themselves to talk to each other 
in a foreign language, uttered and understood with effort, 
instead of using the domestic phrases that come of themsdves 
to the tip of the tongue. We may employ the diagram 
and the external forms of synthesis in such cases ; but the 
thought and the whole idiom of our reasoning will inevitably 
be analytical. 

I have therefore discarded, as utterly useless, and, in the 
present state of mathematics, absurd employments for the 
Student, those propositions in which the object is to reduce 
a problem to quadratures: for instance, the 39th proposi- 
tion, where the areas, ABFD and ATVME are employed 
to obtain the velocity and the time: the 41st proposition, 
where we have the areas ABFD^ VDha and VDca introduced, 
to determine the motion of a body in any trajectory : the 
80th proposition, in which the area ANB is used to find 
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the attraction of a sphere. I should indeed regret to see 
any of these ghosts of departed methods of calculation re- 
turn to haunt the precincts of our examination halls; but 
this is now, I trust, a visionary fear. 

For the same reason I have, in the propositions taken 
from the Third Book of the Principia, substituted integrations 
for the quadratures which occur in some instances. By this 
means the reasoning is materially abbreviated. 

In the mode of presenting Newton's propositions I have 
gladly availed myself of Laplace^s illustrations of some por- 
tions of the Lunar theory of Newton, given in the 5th volume 
of the M^anique Celeste. Besides translating into analytical 
language Newton's processes for finding the Variation and 
other inequalities, Laplace has shewn that this mode of 
deducing the Variation might be generalised so as to give 
the differential equations between the radius vector, the angle 
of the Moon's orbit, and the time, which are the bases of 
the analytical investigation. But this speculation, curious 
as it is, I have omitted, not thinking it likely to be of any 
real use. 

In expressing integrals, I have used the notation which 
has already been adopted in works published here by Pro- 
fessor Airy and others ; according to which we omit the 
differential of the variable, (as dw)y which in other books is 
introduced as a multiplier, and prefix to the differential 
coefficient the mark of integration, with a letter to indicate 
the variable quantity according to which the differentiation 
and integration are supposed to be performed (as j^). This 
notation appears to me an improvement on the older one. 
By using in all cases the differential coefficient instead of the 
differential, which usage thus becomes absolutely necessary, some 
superfluous steps and some sources of confusion are avoided. 
I have not, however, adopted the notation d^y instead of 
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dy 

-7—5 for the diflRerential coefficient of y taken with regard 

to o! ; though this has been introduced by other Cambridge 
mathematicians, as a change co-ordinate with the above 
change in the notation of the integral. It did not seem 
to me that any point of practical convenience is secured 
by the second novelty, as is the case with the first: and 
having made the trial for some time, it appeared, so far 
as I could judge, that the application of the differential 
calculus to physical problems became, by the adoption of 
the new symbol, far less simple, clear and easy, than by 
the older plan. 

Analytical as well as geometrical speculations may be un- 
profitable. The really important applications of mathematics 
are so numerous, that it is by no means desirable to employ the 
Student^s time on detached and useless problems. I would point 
out, as coming imder this description, the 5th, 6th, 7th, and 
8th Sections of Chapter in. of the following Treatise. These 
Sections treat of the orbits described by the action of central 
forces varying inversely as the cube, as the 5th power, as 
the nth power ; of the conditions of orbits which have asymp- 
totic circles ; and the like. Such problems have been treated 
by various mathematicians, (Cotes and Maclaurin in particular,) 
and it is perhaps right that they should be found in a treatise 
on this subject ; but they are of no use in themselves ; and I 
should be sorry that any examiner should give them an undue 
importance by making them the subjects of his questions. 

There can be no doubt of the advantage which Students 
derive from working out the results of these and similar pro- 
blems as exemplifications of the application of their principles. 
But those who would really use their mathematical acquirements 
for the improvement of their fellow Students in this place, may 
easily find better subjects for their skill. There are at present 

c 
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a number of branches of natural science, to which mathe- 
matical calculation has been so far successfully applied, that 
they might form a portion of the subjects of study here, if we 
had dear and convenient treatises upon them. 

I may mention, as examples of such subjects, the Theory 
of Magnetism as investigated by M. Poisson ; Electrodynamics 
according to the views of M. Ampere ; the effects of Capillary 
Attraction as analyzed by Laplace and Poisson ; the Theory of 
Waves as treated by Poisson and others ; the Theory of Tides 
according to the method of Laplace. It appears, I think, that 
the most effectual mode of preparing such investigations for 
the reading of the elementary Student, is to break them into 
detached propositions, each of which is enunciated before it 
is proved. To shew that I am not unaware of the nature and 
difficulty of the operation which I thus recommend, I may men- 
tion that I have myself executed it with respect to M. Pois8on''a 
very beautiful theory of the Distribution of Electricity, in 
the mathematical part of the treatise on that subject in the 
Enoydopsedia Metropolitana. By far the most valuable addi- 
tion of this kind which could be made to our course, we 
fortunately already possess in Professor 'Airy'^s Tract on the 
Undulatory Theory of Light. But it ought to be the per- 
petual effort of all persons who take an interest in the progress 
of knowledge in this place, to bring the mathematical talent 
which is educed by our system of education to bear upon 
those questions which at present occupy the powers of the 
best mathematicians, and which offer us the hope of reducing 
successively a larger and larger portion of material nature 
under the dominion of known mathematical laws. Good 
treatises on such subjects as those above mentioned would 
have this tendency in an eminent degree. 

On one of the subjects just mentioned I have dealt at some 
length in the following pages, I mean the Theory of the Tides ; 
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following however here, as in the rest of my physical astronomyi 
the method of Newton. I have done this principally because 
we have not any published treatise on the subject to which 
the Student can be referred ; and because the theory, though 
as yet far more incompletely compared with observation than 
any other consequence of the law -of universal gravitation, is 
still one of great interest and importance. I should be very 
glad to see it more amply and successfully treated than 
I have been able to treat it. In what I have done on this 
subject I have availed myself of Mr Lubbock^s valuable 
labours. The complete manner in which he has shewn the 
accordance of the tides at the port of London with the theory, 
is an important step in the subject ; and his, determination 
of the elements of the formulae, as well as his general expo- 
sition of the requisite investigations, have been of great use 
to me. 

Newton^s greatest achievement, beyond doubt, was his 
inductive ascent from the complex cosmical phenomena which 
the universe presents, to the law of universal gravitatico. 
This is generally acknowledged ; yet the portion of the 
Principia in which the steps of this ascent are exhibited, 
the early part of the Third Book, seldom receives a very 
careful study, and scarcely ever appears in our exami- 
nations. And this is almost unavoidable; for we do not 
find, in this part of the weak, that which is the appropriate 
business and peculiar pleasure of the mathematician ; the de^ 
duction of consequences from general principles, known or 
granted. Instead of this, we have a collection of facts ne- 
cessarily given by special enumeration and numerical record 
only : and they acquire that cminexion and relation which 
makes them possible subjects of theoretical contemplation, 
only after they have been touched by a ray of that 
sagacity of genius by which general laws are revealed to 
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US. Before we can examine whether particular facts are 
rightly represented by a general law, the law itself must 
be enunciated; and this act at once assumes the facts as 
classed and combined by certain forms of dependence, whether 
this dependence be or be not truly stated in the enunciated 
law. This step once made, the comparison of such a law with 
numbers obtained from observation employs rather our arith- 
metical than our analytical skill, and has, very naturally, 
little attraction for the theoretical reader. Yet the inductive 
process has some features which may be dwelt on with profit. 
The laws thus verified may be afterwards included in more 
general laws, in the same manner as facts are in the more 
particular laws. The progress to the most general of physical 
laws, that of universal gravitation, includes several such 
successive ascents; and the exposition of the co-ordination 
and subordination of these steps, that is, the systematic state- 
moit of Newton^s whole inductive reasoning, appears to me 
highly curious and instructive. I have therefore devoted a 
Chapter to this object, which is in general entirely neglected 
or slightly touched upon in works on Physics. I was the 
more desirous of doing this, inasmuch as some very eminent 
Continental mathematicians have recently exprest doubts 
whether the reasoning of Newton has really established the 
law of universal gravitation with complete accuracy and 
certainty. Nicolai, Bessel and Encke have seen reason to 
think that the observed eflfect of Jupiter upon the new planets, 
Juno, Pallas and Vesta, is difierent from the received estimate 
of the effect of the same planet upon Saturn ; and have thus 
been led to ask whether the attraction be precisely propor- 
tional to the quantity of matter of the attracting body. It 
is perhaps more probable that the previous estimation of the 
effect of Jupiter on Saturn is erroneous, than that the law 
is so nearly true without being exactly so: but the mere 
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suspicion of such a possibility tends to give a peculiar in- 
terest to the examination of the proof hitherto ticcepted as 
decisive. In this part of the work I have availed myself of 
a very admirable Memoir of Bessel, in the Berlin Trans- 
actions for 1824. Its object is to shew that all the broader 
cosmical phenomena may be accounted for by other laws, 
as well as by that of universal gravitation; though it must 
be acknowledged that none of the other suppositions possess 
the simplicity of the Newtonian theory. 

It follows from these views that the exact verification of 
Newton^s law must depend upon careful examination of its 
minuter consequences; the perturbations of the planets, and 
the mutual attraction of terrestrial masses. I have given, 
as the last proposition in the work, the formulae which are 
applicable to a peculiar experiment of the latter kind: the 
determination of the rate of a pendulum at a point below 
the earth'^s surface. 

This experiment was suggested to me by Professor Airy. 
It is remarkable that it had been proposed at an earlier 
period, with somewhat of a similar view, by the anticipative 
mind of Bacon. In the Novum Organum, (Lib. II. xxxvi.) 
is this proposal of an instantia crude to determine whether 
the tendency of bodies downwards arises from their being at- 
tracted by the earth as " a congregation of connatural bodies.*" 
'^ Fiat experimentum in profundis minerarum, utrum horo- 
logium non moveatur velocius quam solebat propter auctam 
virtutem ponderum. Quod si inveniatur virtus ponderum 
minui in sublimi, aggravari in subterraneis, recipiatur pro 
causa ponderis attractio a massa corporea terrae/^ 

In the experiment however to which the formulae in 
Art. 139. refer, attraction as the cause of gravity was taken 
for granted, and the object was to determine the quantity 
of the attracting mass. 
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Attempts were made in 1826 and 1828 by Professor Airy 
and other gentlemen of this University, of whom I had 
the pleasure to be one, to carry into effect the experiment 
thus described at the mine of Dolcoath in Cornwall. Various 
obstacles prevented our obtaining a satisfactory result from 
the observations then instituted : but from all that I have 
seen and reflected, I retain a full persuasion that the ex- 
periment is one of those which are best adapted to determine 
the element sought, the mass of the earth ; and it can hardly 
be said that all due efforts have been used to attain this 
determination, until the Dolcoath experiment has been pro- 
perly repeated. 

The present volume appears in the character of a portion 
of a new edition, although much the greater part of it is 
entirely new matter. As it has also a principle of unity, in 
its reference to the Physics of the universe, I have con- 
ceived that it would be more convenient to the reader that 
I should publish it immediately and separately. The remain- 
der of the new edition of the ^ Treatise on Dynamics,^ which 
will contain the greatest portion of the analytical doctrine 
of the subject, will be prepared and published as soon as 
this can conveniently be done. 

TaiviTY CoLLEOXt ApHl 37, 1832. 
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DYNAMICS. 



1. The object of the science of Dynamics is to determine, 
for any body or system of bodies, the motion which corres* 
ponds to any forces; and conversely, to determine the forces 
which correspond to any motion: that is, we have to in- 
vestigate the relation of the time, space, velocity, and force^ 
when bodies are in motion under given circumstances. In 
the ^ Introduction to Dynamics,'' we have proved that if s 
be the space, described in the time ^, in the direction of the 
motion, v the velocity at the end of that time, / the accele- 
rating force in the direction of the motion, we have the 

equations t^ - tt> J^'TI* These equationt» may p« considered 

Ctv (to 

as the mathematical definitions of velocity and force. 

Force, according to the common acceptation of the word, 
signifies the quality by which external causes produce an 
effect upon the motion of a body. We cannot conceive cause 
and effect without supposing certain principles which result firom 
this rdaiion ; and by considering the manner in which these 
{^nciples are exempli6ed in the phenomena of motim, we oIk 
tain Laws of Moticm, (Introd. to Dynamics, p. 20.) by means 
ot which Dynamical Problems may be reduced to equations. 

The first Law of MoHm is implied in the above^-men* 
tioned definition of force. The second Law of Motion is 
translated into analytical language in obtaining the equations 
of the curvilinear motion of a point. (Art. 19.) 

T%e third Law of Motion gives us the connexion between 
the statical force requisite to produce equilibrium in a point, 
and the dynamical force by which its motion is affected. 

When several points are connected, so that tJiey must 
mov« cnr rest simultaneouidy, and one of them is mMA ofc 

A 



bjT any pressure; this total pressure is to be resolved^ on 
statical principles, into various partial pressures, acting on 
the several points; and these partial pressures must be so 
proportioned and adjusted that the points shall move in a 
manner consistently ^ith their connexion. This rule, applied 
to determine the change of motion of a system, is an extension 
of the third law of motion to the case where the force is 
transferred from one part of the system to another by the 
connexion of the parts of the system. It is generally mtro- 
duced into calculations by means of D^Alemberfs Principle. 

2. The distribution of the science of Dynamics accord- 
ing to the analytical conditions of the questions treated of, 
may be stated as follows. 

The motion may be (A) that of a point, or (B) that of 
a rigid body : that is, the forces which act may either produce 
their whole effect immediately at the point acted on ; or may 
require to be distributed through the system by D^Alembert'^s 
principle, in prder that we may determine their effect. 

(J) The motion of a point may be either (o) free, (fr) 
constrained, or (c) resisted. 

(a) The motion is free, when the forces do not depend 
upon the velocity or direction of the moving body; but are 
functions simply of the position of the body, either with 
regard to fixed points, or to some other body. 

(b) The motion is constrained^ when the moving body 
is subjected to tlie necessity of being always in a given line, 
or in a given surface, or at a given distance from another 
body, or t^ some similar condition. In this case, besides 
the external forces which act upon the body, and depend 
upon its position, it is acted on also by other forces, by 
means of which the conditions of its constrained motion are 
satisfied. Thus, when the body moves on a given line or 
surface, it is supposed to be acted upon by a force always 
perpendicular to the line or surface. And we have generally 
to eliminate this force in order to determine the motion^ 

(c) The motion is resisted, when the moving body, besides 
the forces which depend upon its position, is acted upon by 



a force in the direction of its motion. This force, in general^ 
depends upon the velocity of the moving body. By the m- 
troduction of the terms expressing this force into the equa- 
tion, processes of integration different from those which are 
applicable to free motion become requisite. 

The motion of a point may be constrained and resisted 
at the same time. 

(B) The motion of a rigicLbody may also be investigated 
as constrained and resisted ; but these are conditions on which 
we shall not dwell. 

3. In the case of the free and the unresisted constrained 
motion of points, there are certain properties and general pro- 
positions which are not true in the case of resisted motion. 

Hence, the following is a convenient arrangement of the 
subject, and the one we shall follow. 

Book I. The motion of points not resisted. 

Part I. The free motion of points. 

Fart II. The constrained motion of points. 
Book II. The motion of points resisted. 
Book III.. The motion of a rigid body. 

In the present volume we shall, so far as the analytical 
theory is concerned, consider only the first Part of the first 
Book, the free motion of points. This will be divided into 
the investigation of the rectilinear motion of a point, (Chap, i.) 
and of the curvilinear motion of a point (Chap. ii.). The 
case of ciurvilinear motion in which the force tends to a 
fixed centrcj is of sufficient importance to be considered se- 
parately, (Chap. III.) and is subdivided into nine Sections, 
according to the conditions of force, velocity and direction 
by which the motion is determined. After this follows 
Chap. IV. on the motion of several points. 

4. Some of the conclusions obtained in Capters iii and iv, 
are so remarkably exemplified in some of the motions of the 
heavenly bodies, that it is proper to examine more closely the 
circumstances of these motions. It appears that the sun atr 



tnacts the planets, the earth and the moon, and that the earth 
attracts the moon, vrith forces which vary inversely as the 
square of the distance. The effects which these forces pro- 
duce in the motions of the moon, give rise to a problem al 
great difficulty and complexity: (the problem of the ihrte 
bodies.) And though its exact solution is impossible, and the 
systematic approximations to such a solution are beyond the 
scope of a work like the present, it seemed desirable to present 
to the reader certain modes of approximation to some of the 
leading circumstances of the motion, which Newton applied 
to this problem with very considerable success, and which do 
not involve the difficulties of the systematic analytical solution. 

5. The motions 6f the sun, planets, earth and moon, are 
deduced by supposing these bodies to be poiniSy each of 
which exerts an attraction varying inversely as the square 
of the distance. But it appears that if, instead of conceiving 
one such force to tend to the center of the earth, we conceive 
forces, acting according to the same Law, to tend to every 
point of the earth^s mass, the result will be precisely the same. 
The attraction of the sphere will in this case vary according 
to the same law as the attraction of the point. . The proof 
of this and similar. propositions concerning attractions, forms 
the subject of the two first sections of Chapter v : two other 
sections are employed in the consideration of the application 
of those principles to certain terrestrial phenomena, viz. the 
Figure of the Earth, and the Tides. 

6. In the preceding part of the volume it has been 
supposed, that the different bodies of the universe exercise 
upon one another forces which are inversely as the square 
of the distance; that is, the law of universal gravitation has 
'been assumed: and by i^easoning dedttctively from this aS" 
iSWfji^^ion, various results have been obtained, which can be 
compared with the facts as they occur in lutture. But, in 
order that our knowledge may be shewn to be a true theory 
<if the facts, it must appelEtr, that ^^nning with the facts, 
'Und reasbniDg Mdvictwely from these, "we arrive at the law 
'bir universal 'gravitation, and at no other. To point out the 
-steps of this itiduiCtitfe aseent, is the objieet of Ctapter vi. 
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PART I. 

THS FBEE MOTION OF POINTS. 



CHAP. I. 

THB BBCTILINBAR MOTION OF A POINT. 

7. When a point moves freely in a straight line, this 
line must be that in which the force acts. In this Xase we 
<;an immediately apply the equations 

where tj Sy f , are the time of motion, space described, and 
velocity of a body, which is acted on by an accelerating 
force / in the direction of its motion. 

These equations would enable us immediately to obtain 
finite relations among the quantities in question, in several 
cases. For instance, if the velocity were given in terms of 
the time, we could find the space described, by integrating 
the first equation; and if the force were known in terms 
of the time, we might in the same manner obtain the ve- 
locity from the second equation. In general, however, the 
force depends upon the position of the body. 

8. Proposition. The force being suppoaed to depend 
upon the body*8 position^ it is required to find the velocity at 
any point of the motion, and the time of describing any space, 

,^ , ^ dv dt? ds dv 

We have /« — -= -..._ =1)3-. 

•^ dt ds dt ds 



If / be a function of «, we may now integate both sides 
with regard to «; and using fg as the symbol of this inte- 
gration, and observing that the integral of v — is ^ v*, we 

CvS 

have i^'^fsA v'^^fsf'. 

when V is known in terms of 8, 

We can then determine t in terms of s ; for 

ds dt ds . dt - 1 dt 

-— = tj sa tj -7- . — - ; whence 1 = v . -— ; and - « -— . 
dt as dt ds v ds 

Integrating with regard to «, ^ = y -. 

A constant quantity will be introduced in each integration. 

9. »If the force be a function of the body'^s distance from 
a point towards which it is moving, let x be this distance. 

Then x decreases as t increases, and — will be negative; 

at 

therefore, in order that v may be positive, we have 
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10. We now proceed to the calculation for different 
suppositions of force. 

One of the most common and useful suppositions is, that 
the fprce tends to a certain point or centre, and varies ac- 
cording to some direct or inverse power of the distance from 
this centre. Let *y, fig. 1, be the centre of force; SP = x; 
and when a point is at P, let it be urged towards iS by a 



force — , or yu^", /a being a constant quantity. The quan- 

tity IX depends upon the attractive power residing in S^ and 
is called the absolute force. It is measured by the accelerating 
force at the distance 1 ; for, making a? s i, we have the force s^. 

It is supposed that— or julw^ expresses the accelerating 

force on a particle P, whatever be the magnitude of the 
particle : the moving force or pressure produced in P by the 
attraction of S is greater as the mass acted on is greater. 

11. Prop. A body P falls from rest from a given *- 
point A, Jig, 1, towards a centre of force S, varying as 
some power of the distance SP : it is required to determine 
the motion*. 

Let SA = a, SP = w ; and take the force to be as some 

inverse power of the distance, and s — , 

or 

1st, To find the velocity: — by Art. 9, 

C being an arbitrary constant quantity, to be determined. 
When ^ = a, t? = ; .•.«* = f ; -> 

(n - l)i V a»-'a7»-i j • 
This gives the velocity when n>l. 

If n = 1 this integration fails, and recurring to the dif- 
ferential expression, we have 



* This is Prop. 39, Book I. of the Principia. 

' To determine the motion/ << definire motum," implies the problems of obtaining 
the relfttion of the space, velocity, and time in finite terms, that is, freed ftom dif» 
ferentials. 
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/,a? (JO 

If «<1, ©•« i^(a»-^^— ). 

If the force vary as some direct power of the distance, 
let fss^af*^ and we have 

w + l ^ ^ 

In cases where the force varies as some inverse power fiy 
greater than 1, when a? = 0, v = inf. or the velocity of falling 
to the centre is infinite. 

In the same case ; when a » inf. v remains finite, and 



(n-l)a?»-^' 

or the velocity of falling from an infinite distance to the 
distance w is finite. 

If the force vary inversely as the distance, both these 
velocities are infinite. 

In all other cases, the velocity from an infinite distance 
to a finite one, is infinite; and the velocity from a finite 
distance to the centre, is finite. 

If the body, instead of falling from rest at a distance a, 
be projected upwards or downwards with a velocity F, we 
have, when ^ « o, « = F, if the body be projected in the 
direction of the force, and tj = - F, if it be projected in the 
opposite direction. 

In both these cases, ©*= F* + ( r ? ) . 

2d, To find the time; 



■/; 



.- 1 «-i 

(n - 1)» . a » 



(8 



u 
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which can be integrated only in particular cases : see Lacroiott^ 
Elem. Treat. Art. 169. 

1st, We can integrate if —^ be a whole number, where 

/ w - 1 . , 
m ^l:s and w^=5 n - 1 : 

2 

that is, calling r a whole number, if 

n- 1 

+ 1 

2 2r + 1 

= r, or n+ 1 = 2r« — 2r ; ,\n 



n- 1 2r - 1* 

this comprehends the cases n s - 1, -, -, -, &c. 

357 

3 5 7 

also n = - » - 5 - J &c. 

1 3 5 

suppose 

m' I n + ll 1 r + 1 

«' 2 2(n-l) 2 w-1 r 

this comprehends the cases ns2, -, -, -, &c* 

12 3 4 
also n = 0, -, -, -, -, &c. 
2 3 4 5 

Hence the only laws of force expressed by integral powers, 
for which we can find the time, are 

force oc const., force <^ dist., force oc — ■: — — , force oc 



(dist.)' ' (dist.)' • 

The most simple fractional powers are 

^"'^'"(sk)!' ^°'''^-^' ^°'***(diF- 



If the force be repulsive, the process of finding the ve- 
locity and time will be the sam^ as above, except that the 
signs will be different. 

B 
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In that case, if force = — , 






12. In many of the integrable cases, it is better to 
employ particular methods, than the general substitution for 
making the differential expressions rational. 

Ex. 1. The force varies directly as the distance : 



J J, V Jm fM.^ (a* - 

t^ —7 cos * -H- C; 



a^)r 



and if t begin when at^a^ 

/ = — T COS * - • 

fjfi a 

Cob. If with radius SA = a, fig. S, a quadrant be de- 
scribed, and PQ be perpendicular to SA ; and if SP = ^ : 

AQ = arc whose cos. is w and rad. a = a x arc whose cos. is - 

a 

and rad. 1 ; 

velocity at P^fi^.PQ^ 

time m AP = — j — = — = . 

jUL^a vd. at S 

We have for the whole time of falling to the centre, making 
^ = 0; t = 



Ex. 2. The force is constant: 
v^ = 2 jj/; .-. u* = 2/« ; the motion beginning wh^n « « 0. 

^ ~ / // ' .*. / = \/ — ; t being when $ is 0. 



n 



If the constant force be gravity, represented by g^ 
V* = 2^«, and t - \/ — , or « = \gf' 

Ex. 3. The force varies inversely as the square of the 
distance, 

or J a or \(B a) 

/• ahoo^ ( ^\^ r ^ 

^ ' Jm (2m)H« - ^)* " " V^/ ^' (fl^ - ^)* 

and, ^ being supposed to begin when a? = o, since versin"* 2 = tt, 

' " (iz) {^"'' - ^* + ^ (^ - versin-' ^)} . 

We have for the whole time of falling to the centre, making 

07 = 0, t^—. — ri. 
2(2^)i 

Cob. On AS = a, fig. 3, let a semicircle be described, 
with centre C ; and let PQ be drawn perpendicular to AS 
meeting it, 



PQ^^iSP.PA)^y/{ax''ijf)', BxcAQS^ 



ira 



SP 

arc SQ = SC x ang. SCQ = SC x ang. whose ver. sin. is -^~ 





a 


• 


-1 2^ 


:= 


— 


versm" 




2 




a 



ffl\J 



Hence, time in JP= (—\ (PQ + arc AQS - mc SQ) 



= {0(PQ^ arc AQ). 
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„ , ,. {a\i ( PQ. ^SC + «rc AQ. ^JC\ 
Hence, also time = y {—^-^^ l_j 

If SQ be produced to meet in R sl tangent to the semicircle 
at A ; 



\w a I 



PS w 

at 



Ex. 4. The force varies inversely as the cube of the 
distance ; 

a/(«^-^) , y/^^a^) 

Cob. If with centre S and radius ^j4, fig. 4, we describe 
a circle, and make PQ^ AR perpendicular to SAy and draw 
SQR', 

v^y^.AR'. t^^.PQ. 

Ex. 5. The force varies inversely as the square of the 
distance, and is repulsive: 

CoK. If with focus S, fig. 5, and vertex Ay the point from 
which the body begins to move, we describe a parabola, and 
take SQ = SP ; SY being the perpendicular upon the tangent 
QYy we have 

d . arc ^Q SQ SQ 

d.SQ " QY' ^{S(y--SY^) 

SQ V 



^{S(¥'SQ.SA) ^{w'-^awy 



Principia, Book I. Prop. 32. 
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Ex. 6. The force varies inversely as the square root of 
the distance:* 

V = 2/11*. {ai -d?^p; 

/= — I- {^* + 2a^} . {o* - a?i}^. 

Geometbical Investigation of Examples 1 a»d 3. 

The velocity and time in these cases may be obtained 
without the use of the Differential Calculus, by means of the 
Propositions contained in the ^^ Introduction/^ 

(Newton, Book I. Prop, xxxviii.) 

13. Prop. The force varying directly as the distance 
from the centre^ the times of falling, the velocities acquired^ 
and the spaces described, are as the arcs, sines and versed 
sines respectively, in a circle of which the raditis is the 
original distance. 

Let SA, fig. 145, be the original distance, AE a quadrant 
with radius SA. Let APB be an ellipse, of which the semi- 
axis major is SA ; and let a body describe this ellipse, and 
another body describe the circle AE by the same force at S. 
Then, by Prop. x. Cor. 2, of the Introduction, the periodic 
times in these orbits will be equal, and therefore the times 
of describing the quadrants AB, AE, which are each ^ of 
the periodic time, will be equal. 

Let CPD be perpendicular to SA; then 

time in AP area ASP area ASD time in AD 
time in AB area ASB area ASE time in AE * 

Hence, time in ^P=:time in AD; and if the motions 
begin together at A, when the body in the circle is at D 
the body in the ellipse will be at P, whatever be the semi-p 
axis minor SB. 
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In that case, if force = — , 






12. la many of the int^rable cases, it is better to 
employ particular methods, than the general substitution for 
making the differential expressions rational. 

Ex. 1. The force varies directly as the distance : 



t^ -tCos-* - + C; 
/a3 a 



a?«)r 



and if t begin when x^a^ 

^ = -T COS * - . 

Cob. If with radius SA = a, fig. S, a quadrant be de- 
scribed, and PQ be perpendicular to SA ; and if SP = a? : 

AQ, s arc whose cos. is (s and rad. a^ a^. arc whose cos. is - 

and rad. 1 ; 

velocity at P^fi^.PQ^ 

arc AQ arc AQ 



time in AP = 



fiia vel. at S 
We have for the whole time of falling to the centre, making 

a? = 0; r= — r. 

Ex. 2. The force is constant: 
t>* = 2 J]/; .*. t>' =s^ 2/« ; the motion beginning when « = 0. 

' — TT—r-r ; .*. ^ = \/ -r- ; t being O when b is 0. 



n 

If the constant force be gravity, represented by g^ 

V* = 2g8^ and t = V/ — , or « = \gf. 

8 

Ex. 3. The force varies inversely as the square of the 
distance, 

or J a or \w a) 

r a^x^ ( ^\^ r ^ 

and, t being supposed to begin when o^ » a, since versin"^ 2 <= tt, 

' = (^) {(«^ - ^* + i ('T - ^^r^™-' v)} • 

We have for the whole time of falling to the centre, making 

Cob. On AS = a, fig. 3, let a semicircle be described, 
with centre C ; and let PQ be draum perpendicular to AS 
meeting it, 

PQ=^/(SP.PA)^^(awai^); arc AQS^—. 

SP 

arc SQ = SC x ang. SCQ = ^yC x ang. whose ver. sin. is-^^ 



a . , 2^ 
- versm"* — 
2 a 



«\i 



Hence, time in AP = [— ] (PQ + arc AQS - arc SQ) 



'ii^yiP^i-'^rcAQ). 



12 

« 1 *• (a\i (PQ.^SC + faeJQ.XAC\ 
Hence, also time = — I , ,^ = j 

If SQ be produced to meet in J? a tangent to the semicircle 
at A; 

PS X \co a) 

... v= ^1^,AR. 
a* 

Ex. 4. The force varies inversely as the cube of the 
distance ; 

v = ^u.-5: T; t^ a. , ^. 

Cob. If with centre S and radius aS^^, fig. 4, we describe 
a circle, and make PQ, u^J? perpendicular to SA^ and draw 

v^^ ,AR^ t^-^.PQ. 
or y/fi 

Ex. 5. The force varies inversely as the square of the 
distance, and is repulsive: 

CoK. If with focus Sf fig. 5, and vertex Ay the point from 
which the body begins to move, we describe a parabola, and 
take SQ = SP ; SY being the perpendicular upon the tangent 
QYf we have 

d.aicAQ SQ SQ 

d.SQ ' QY^ ^(SQ!'^SY') 

SQ V 



^{SQ" " SQ . SA) Ayipf- aai) ' 



Prtnctj9ta, Book I. Prop. 32. 
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Ex. 6. The force varies inversely as the square root of 
the distance: 

2 
t- — T . {w^ + 2ai} . {a^ - ^i}^. 

Geometbical Investigation of Examples 1 and 3. 

The velocity and time in these cases may be obtained 
without the use of the Differential Calculus, by means of the 
Propositions contained in the ** Introduction/^ 

(Newton, Book I. Prop, xxxviii.) 

13. Paop. The force varying directly as the distance 
from the centre, the times of falling, the velocities acquired, 
and the spaces described, are as the arcs, sines and versed 
sines respectively, in a circle of which the radius is the 
original distance. 

Let SA, fig. 145, be the original distance, AE a quadrant 
with radius SA. Let APB be an ellipse, of which the semi- 
axis major is SA ; and let a body describe this ellipse, and 
another body describe the circle AE by the same force at S. 
Then, by Prop. x. Cor. 2, of the Introduction, the periodic 
times in these orbits will be equal, and therefore the times 
of describing the quadrants AB, AE, which are each ^ of 
the periodic time, will be equal. 

Let CPD be perpendicular to SA; then 

time in AP area ASP area ASD time in AD 
time in AB ~ area ASB area ASE time in AE ' 

Hence, time in AP = time in AD ; and if the motions 
begin together at A, when the body in the circle is at D 
the body in the ellipse will be at P, whatever be the semi^ 
axis minor SB. 
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. .„ penodic time in the circle ^^^ 

Hence time in AP = ^ ^ . . area ASD 

area of circle 



area ASD 



area in time 1 in the circle ' 

1 . . 1. . 1 ... / 2/4 BO /g/x 

Now the velocity m the circle == \^ •;r— . — = a/ -— - . 

•^ BO* 2 ^ AB 

Hence the area in the time 1 = i . BO \/ -—=- = — 

^ ^ AB 4 

4 area ASD 
and time in ASP = — / ,^ • 

\/9.yL.AB 

When the minor axis of the ellipse is diminished inde- 
finitely, the motion becomes that of a falling body. But 
in this case P coincides with C and iS^ with B. Therefore 

4 

time of fallinir through AC = — . area ABD. 

\/9.ix.AB 



This agrees with what we have proved in page 



12. 



16. Peop. a body acted upon by a force varying as 
any power of the distance^ falls to the centre from a given 
distance (a) : to find the whole time of falling to the 
centre. 

By Art. 11, we have, if force = — , 

n—l »— 1 

dt (n-l)Ja « Off 2 



dw (2/i)i {a— ^-a?— ^}i' 



n-l 






«-i 



{n - l)i ^ 2 



(2 



l)i^ 2 f 1 ^"-^ 1.3 a?2*-2 1 

A4)i I 2 o"-* 2.4 a«»-* j 
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Multiplying and integrating, we shall have 

3»i-l 

t=\ — rr-<C- ^» --. . r 

(2/x)5 I n+ 1 2 37*- 1 a»"^ 



5»-3 
1 .3 



2 0? « ] 

-3 a^"-^ j 



2 . 4 5n 

and this, taken from ^ == a, to a? = 0, gives for the whole time 

(2fjL)i Iw + 1 2 S» - 1 



1 .3 1 

+ - — . + &c 

2.4 5n-3 



} 



Cor. 1. From different distances the times of falling to the 

n + \ 

same centre as a ^ . 

Hence if force oc dist. time oc 1, or is constant, 

if force oc 1, or is constant, time oc /y/(dist.) 

if force oc —— — - , time oc dist. 
(dist.) 

if force oc .__ — _- time oc (dist.)*, 
(dist.)« ^ ^ ' 

' if force oc -rrr, — rr , time oc (dist.)*, 

(dist.)^ 

if force oc tt. — n > t™e oc (dist.)J. 
(dist.)i ^ ^ 

Cob. 2. In all these cases the time is greater (or at least 
not less) as the distance is greater ; but if the force vary in a 
higher direct ratio than the simple power of the distance, the 
contrary will be the case. 

Thus, if force oc (dist.)*, time oc -- — -j , 

^ ^ (dist.)i 

if force oc (dist.)', time o< 



(dist.) 



CHAP. II. 

THE CURVILINEAR MOTION OF A POINT. 



18. When a point in motion is acted on by a force 
which is not in the direction of its motion, it will be per-p 
petually deflected from its path, so as to describe a curve 
line. The quantity of this deflection will be regulated by 
the second law of motion, as explained in the Introduction, 
p. 23. By that law it is asserted, that if a point at P be 
moving with a velocity which would, in a given time, carry 
it through the space PJ?, fig. 7 ; and if, during its motion, 
it be acted on by a constant force, always parallel to itself, 
which would, in the same time, make it move through a space 
Pp from rest, it will be found, at the end of that time, in 
a point r, determined by completing the parallelogram Rp, 

If the force which acts upon the body, be variable in 
magnitude, or direction, or both, we can no longer in the 
same manner find the place of the body at the end of a 
finite time from P. The second law of motion is then ap- 
plicable ultimately only; that is, to the motion of the body 
during an indefinitely small time; as explained in the In- 
troduction, Cor. 1, to Law ii. 

19. Prop. To find the equations of motion of a body, 
moving in a plane and acted upon by any forces in that 
plane. 

Fig. 7. Let t be the time from a given epoch, till the body 
arrives at P, and t + h till it arrives at Q, so that h is 
the time of motion in PQ. Also let AMy MP be rect- 
angular co-ordinates to the point P, and be called x and y : 
similarly, let AN, JVQ, and AOy OR, be co-ordinates pa- 
rallel to these; PI and RK parallel to AN. Let the force 
at P be called P, and let the angle which it makes with tV, 
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be called a. Also let the velocity at P be called T, and let 
the angle which it makes with w be called 6, 

Let PR be described in the time A, with the velocity at P, 
and let Rr be the space through which a point would in the 
same time be described by the force at P. We shall then have 

PR^Vh: and Rr^^Ph^-, 
because Rr is described by a constant force. (Ch. i. Ex. 2.) 

Hence, PH = Vh cos. ; RH^Vh sin. 6. 

Also if Rsj 8T be parallel to AMj MP^ 

R8^\ Ph^ COS. o ; «^ = ^ Ph^ sin. a. 

But by Taylor^s Theorem, considering x and y as func- 
tions of ^, and t as the independent variable, 

^^^ dx ^ d?x h? 

AN = ar -f- -r- • ^ + t:^ • + «c. 

dt df 1.2 

Hence, 

do? c?^ A* 

RK^MN-PH = ^ . A + 3^. + &c. - FA cos. 0. 

d^ d^ 1.2 

KQ= IQ " RH = ^ . A + -r|. + &c. - Vh sm. 0. 

a; ar 1 . 2 

Now, by last article since Rr ultimately coincides with 
RQ^ we have ultimately J?«, RK equal, and also «r, iSTQ. 
Hence, ultimately 

{- Fcos. 0) A + — r. + &c. = iPA*.cos. a. 

\dt ) df 1.9, * 

f^^ - Fsin.e) A +§. — + &c. = ^PA*. sin. a. 
\dt I do 1 . 2 



22 

Whence we must necessarily have, equating coefficients of hy 

-— - r COS. = 0, 'T'-V sin. = 0, 
at at 

(JPw _ d^y ^ . 

— = P COS. a, ^ = ^ ^^°- «• 

Hence, --— = velocity in ^, -r- = velocity in y, 
d^ at 

-— ^ = force in a?, --^ = force in y. 

If we represent by X and F, the whole forces which 
act on the point in the direction of w and of y, we have 

where t is the independent variable ; and X and Y are posi- 
tive, when they tend to increase (s and y. 

Cor. 1. It is clear that if we had referred the path 
of the body to three rectangular co-ordinates, a?, y, «r, and 
if we had made X^ F, Z, represent the whole forces in 
the directions of these co-ordinates, we should have had, 
by reasoning exactly similar, 

61^00 dPy dP% . , 

5?--^' sl-''- Jf-^ <■''• 

20. These equations enable us to solve various problems 
respecting the motions of bodies acted on by any forces. 
If the motion be known, we can, from them, find the forces 
in the directions of the co-ordinates, and by compounding 
these, the whole force which acts upon the body. If on 
the other hand, the force depends, in a known manner, on 
the position of the body, we can, by resolving it in the 
proper directions, find Xy F, Z, in terms of a?, y, and % ; 
and we shall then, by integrating the equations, have the 
motion of the body determined. If we can eliminate f, we 
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obtain a relation among the co-ordinates which defines the 
curve described by the body. We shall have instances of 
these various applications in what follows. 

Ex. 1. To find the forces which must act upon a point, 
so that it may describe the arc of a parabola with a uniform 
motion. 

If Wy y^ 8j represent the abscissa, ordinate, and curve 
of the parabola, we shall have, since the velocity is constant, 

ds 

-r- = c, a constant quantity ; 

^ d«^ ^ ddD^ d^ 
df df df 

Now, if 4 a be the principal parameter of the parabola, 
we have 







y = 2 


y/aw 


dy 
' dw 


= V-; 

,v 


Hence, 


"^ df 


(- 


9- 


, dar' 
""^ df = 

ac^ da> 


a 
1 +- 


Differentiating, 


dt 


d^w 
' df " 


a^ 'Idt 

(■nf 








• 


O'w 


c^a 





df 2(a + ^)«' 
which gives the force parallel to the abscissa. 

f dw y 

A£:ain, a7 = ' — ; .•,--— = -:i- ; 
^ 4a dy 2a 



df Ua^ 



(^.-)= 



di^ ^c?(? 
* * d? ^ 4fl?T7' 
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2.2.. ^y 



2dy d^y ^ dt 

and differentiating, -^ j^ - ' WT^^ ' 

d^y ^(j?&y ^€?&y (?y 



which gives the force parallel to the ordinate, the negative sign 
shewing that it tends towards the axis. 

If S, fig. 8, be the focus, A the vertex, and SA the axis of 
the parabola ; AD = AS = o, and DN perpendicular to AD^ 
so that DN is the directrix ; we shall have DM or iVP= a -^ w. 
Hence, the forces in NP and PM are respectively as 

^AS ^ PM MK ^ PM 

PN'' PN'' '''''^PN'' PN"' 

PK being the normal, and therefore MK — ^AS. Henc^, 

the whole force on P, which is compounded of these two, 

PK 

is in the direction PJT*, and proportional to p™- 

Ex. 2. A body is acted upon at every point of its path, 
by a force which is proportional to the distance from a given 
centre towards which it tends : to find its path. 

Let the centre of force C, fig. 9, be made the origin of 
rectangular co-ordinates CM^ MP : the force in the direction 
PC is every where proportional to PC. Resolve it in the 
directions PM, MC; and these lines will be proportional to 
the resolved parts. Hence, we shall have 

force in direction of a? = - /a^j force in direction of y = — My • 

jui being some constant quantity, and the negative signs indi- 
cating the direction of the forces. 



* It may easily be shewn that if a body move uniformly in any curve, the force 
which retains it is perpendicular to the curve. 



25 

d^ d'<v dd7 dv d*y dy 

dw^ ^ ^ dy*' ^ , 

integrating, ^ = ^ - '^^ » U"^ ^^ * 

where C, 2) are arbitrary quantities depending on the velocity 
and direction of the body^s motion at some given point. We 
may evidently, without restricting their values, put for C and 
2>, wiA* and mh^ ; and thus we have 

dy 

dy 
1 dx 



or — 7 



Integrating with regard to a?, we have a = )3 + 7 ; where 
a is the arc whose sine is- , )3 is the arc whose sine i» -, 
and 7 an arbitrary arc. Therefore, we have 

sin. a = sin. (i cos. 7 + sin. 7 cos. )3 : 

or if n be the cosine of 7, and consequently ^{l - ft') its sine. 



X ny 



+ ^(l-.n^).V^(l-g): 



transposing and squaring, we get 



A» A* AA 

D 



'0-»-).(^4)— --|-¥^- 
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Whence — . + ^ tt- = 1 - n* : 

which is the equation to an ellipse referred to rectaBgular 
co-ordinates measured from the centre. (Wood's Alg. Part iv.) 
Hence, the curve described by the body is an ellipse, of which 
the centre is C 

The axes of the ellipse may be thus found : let the tangent 
at P, fig. 9, be parallel to Co?, whence CP and CD will be 
conjugate diameters, and hence, by Conies, 

CP'-\-Ciy^d!'^b\ PM.CD^a.b, 
where a and b are the semi-axes. 



Now, smce — ^ « \/ — — -;: ; 
da; ^ h" -or 



it is manifest that when the tangent is parallel to C^, we have 
y ^k: hence to find w = CJIf, we have, putting k for y. 



72 + 1- —r- = 1 - « ; 



.-. ^ - w = 0, 0? = nA = CM\ .'. CP" = CM"" + MP" = n»A« + k". 
h 

Also, to find CD, put ^ - 0, and we have 

— = 1 - w' ; .\ w = h /v/O - n^) = CD. 

hr ^ 

Hence a* + 6^ = A* + fc®, ab^kh y/{l - w*), whence a, 5 
are known. 

To find the position of the major axis CA^ or the angle 
ACx = d, we may proceed thus. Differentiating the equation 
to the curve> we find 

X ny 
dy ft* hk 

doD y nx ' 

J^^hk 
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Now at the point Aj the curve is perpendicular to CA^ 
and hence, at that point the normal passes through the centre ; 
therefore (^Lacroix, Art. 65.) 



a ny 
dy h? hk x 

— — tir , . . — — — — 

ax y nx y 



y 


nx 
Tie 


a>y 


no? 



^y ^y^ ^y ^^ 

whence we find ^ + ^-^-1 = 0; 

ar nhk x 

_ _ 2nhk X 2 tan. ^ 

and hence^j-p = — . « ^^-^^^» tan.20; 

x^ 
hence is known. 

To find the time of describing any portion, we have 

dt 1 1 1 

dx dx ^(C'-mx^) ^ my/ {h? ^ of)' 
'di 

I , .X 

.'. t = — 7 — . sm. " 7 H- const. 

the constant quantity being determined by the place of the 
body at a given time. 

For a whole revolution, we have time «= — y — . 27r. Hence,, 
the time of a revolution is independent in the size of the orbit. 



CHAP. III. 



CENTRAL FORCES. 



21. The equations of the preceding Chapter would en- 
able us to determine the motions of bodies acted on by any 
forces whatever, and of course, among the rest, by a force 
which is supposed always to tend to a centre, and to be 
represented by some function of the distance from that point ; 
of which we had an instance in the last example. But 
problems respecting the action of central forcesy as these are 
called, are of great importance, and lead to considerable sim- 
plifications of our general formula; we shall therefore treat 
separately this application of our reasonings. 

Sect. /. General Theorems. 

22. Prop. A body acted on by a central force wiU 
describe a curve lying in one plane^ and will describe about 
the centre of force areas proportional to the times. 

Let the centre of force S be made the origin of rectangular 
co-ordinates; and let P be the force at a point P, of which 
the co-ordinates are <r, y, «. If r be the line joining the 
origin of co-ordinates S with the point P, Wy y, % will 
be the edges of a parallelopiped, of which r is the diagonal. 
Hence by Mechanics, Art. 31, r : a? :: P : resolved part of 
P in the direction of the line tv; and therefore this resolved 

. POG X 1.1 Py 1 P^ 1 1 , 

part IS — . In like manner — and — are the resolved 
r , r r 

parts of the force in the direction of y and x. And these 

quantities must be made negative in order to represent the 

forces, because the forces tend to diminish Xy y and z. Hence 

we have by equations (a'). Art. 19j 

d^so Px d^y ^ Py dP% P% 
'df""V' If'^'V' 5F"""' 
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Multiply the first by y and the second by a?, and subtract ; 
we have thus 

^ df df 

d^cB d^% 
in like manner, «-tt — og -—5 = 0, 

' dt" df 

(f% (fy 

But if we differentiate y— af-j- with regard to t, 

dt dt 

we have the differential 

d^w dy dx dw dy d^y d^w d^y 

"^de^Tt'Tt'^li'di''^'de"^de''^~d?' 

Hence it appears that the integral, with regard to /, of the 
left-hand side of the first of the above three equations, is 

dx dy 
^ dt dt 

The integral of the right-hand side is a constant quantity, 
which we may call h. Hence we have 

doo dy 
^ dt dt 

• ,., dx dx _, 

In like manner, x-- a? — - = A , 

' dt dt 

^Tt^'^Tt^^ ^*> 

where h' and A" are also constant quantities. 

If we multiply the first of these equations by x^ the second 
by y^ the third by a?, and add them, we find 

= A^ + h'y + h!\v. 
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This is the equation to a plane passing through the origin. 
It appears, therefore, that the motion of the body takes place 
in a fixed plane passing through the centre of force. 

The motion of the body will be the same, whatever be 
the position of the co-ordinate planes to which we refer it. 
Let the fixed plane in which it moves be taken for the plane 
of wy ; then x is everywhere = ; and the only one of the 
preceding three equations now applicable is this, 

yTt""Tt'^ (*>• 

dx 
But if, in fig. 10, SM^Wy MP^y^ we have —y-r- 

dt 

for the differential coefficient of the area AMP with regard 
to t. Also, *triangle SMP = ^^y, and its differential co- 
efficient 

- / dy dos\ 

But sector ASP = SMP + AMP, and therefore differential 
coefficient of sector ASP = differential coefficient of SMP 
+ differential coefficient of AMP 

, I dy dw\ d(JD -i I dy daf\ 

h 

"2* 

Hence the differential coefficient of ASP taken with regard 
to the time is constant. 

Therefore the velocity with which ASP increases is con- 
stant, and the area ASP is proportional to the time of the 
motion from A to P. 

Or, sector ASP = — \ t being at -4 : 

9, 

and any portion of this sector is proportional to the time 
of describing that portion. 



\ 
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Cor. 1. We have ht ^2 area ASP described in t. Hence, 
if we make / = 1, A = 2 area described in time 1. 

Cor. 2. If SP^Ty and angle ASP - v^ we have 
{Lacroia^y) differential of sector ASP with regard to « = -^r*. 

d. JSP d. ASP dv 
dt dv ' dt^ 

Cor. 3, When P is referred to three co-ordinates, « is 
perpendicular on the plane afy, and ofy.y are the co-ordinates 
of the point where it falls. This point will therefore be 
the projection of the place of the body on the plane a^y : and 
the area, of which the co-ordinates are a?, y, will be the pro- 
jected path. Now, in this case, as in last page. 



i(^s-i). 



is the differential coefficient of the sector described, taken with 
regard to the time. 

And by the equation y a? -^ = A, this differential 

coefficient is constant, and =^h. Therefore the sectorial 
area of the path of the body projected on the plane of wy 
corresponding to t, will be ^ht. 

In like manner, i [x— ^i-] = — is the differential 

^ \ dt dt) 2 

coefficient of the area of the path on the plane ^, and the 

area corresponding to t is \h't. 

And the area of the projection on the plane of y% is 
in like manner -^h'^t. 
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23. Prop. A body beifig acted on by a central force^ 
it is required to Jind the velocity at any point. 

I^et the motion be in the plane <r, y^ and let the centre 
of force be at the origin. Then we have 

cPa?_ Po) d*y_ Py 

dw dy 
Multiply these ^7 ^"^75 ^"7:» respectively, and add; therefore 

/d^ d^ dy c^\ _ _ p p /^ ^ y ^y\ 
Kdt'df '^ dt'dt'J^ Kr'dt'^r'dt)' 

But the left-hand side is the differential coefficient, with regard 

- div dy . 1 . s s fi 

to /, of —-5- + -—• . And since /v + .y = r , 
dt dt 

dx dy dr 
dt dt dt 

dr 
hence the right-hand side = — 2P -— . Therefore, 

dt 





- 


-.dr 
-2P— ■■ 
dt 


" Uf ■* 

dt 


df) 


1 








\df ^ 


dy\ 
df) 


dr 




- 




dr 


• 


'Tt' 


hence, 


dividing by 


dr 
di' 












-2P = 


,/da>^ 
^ [df ^ 


dy'\ 
df) 

• 


and 



dr 



; and integrating 



C-2/-P- — + ^ 
^'^-df^df- 
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ds 
If « be the length of the arc, velocity =* — ; 

at 

_ d«* da^ df^ 
also* —^ s — — A- — — : 
' de df df' 

hence, -ni « C - 2 LP. 

dr '' 

When P is a function of r, the integration may be performed. 

If the velocity for a given value of r be known, C may 
be found. 

Cob. 1. If the velocity at a given distance a from the 
centre be given, ( s ^ suppose), we have, at the distance r, 

when fr,a indicates that the integral begins when r-a. 

Hence the velocity at the distance r depends only on the 
distance, and is independent of the curve described : for J^^aP 
does not depend on the curve. 

Cob. 2« If we had retained the three co-ordinates Wy y, «j 
and proceeded in the same manner as in this proposition, we 
should have had r^ ^ a^ -{-f^ ■{• 9^\ and should have found 

da^ df^ dst? ^ _ ^ ,, 

Cob. 3. If the angle ASP = v. 

^ :dr* .dv> 
a 






hence, ■' ■ ■ ■ = - 2 P. 

dr 

24. Pbop. a body being acted upon by a central force^ 
it is required to find the polar equation to the curve* 

E 
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— ^ . dv h 

By Cor. 2, to Art. 22, -— « -j; 

at r* 

therefore, —-r + r* -— , = —-^ . -— j + r* -—- 
' dfi if d^ di? df 

Hence, by Cor. 3, to Art. 23, 

Vi^ dt?« ■*" 7J 

= -2P. 



d 



rfr 



Make - = «, whence ----- as — -- ; and the equation becomes 



or A" As L-=-iP 



dC^^+t*') 



dv ' dr 



„ d« dr 
dr dv 



dii 
Dividing out h^ -j- , and observing that 

dr 



dr 2 ^^ ^ ^^ 

dt? dv u^ dv 

/du^ 

W ^'^ ) ^P du 



= -r--- = fi-T-, we find 

u 

d(^ + w*) 



«-.« 



dv h u dv 

^,-» . . du d^u du 2P du 

Differentiating, 2 — . —^ + 2 w —« -;r^^ 

av av av n u av 

d^u P 

or dividing and transposing, —-^ + u - -g— g = (d), 

dv h u 

V being now the independent variable. 
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This is the equation of which we shall make use most 
commonly in the consideration of orbits described about a 
centre. It may be employed either in determining the law of 
force, when we know the curve, and consequently the relation 
of u and v, which is called the direct problem of central 
forces; or if P be known as a function of r, and therefore 
of Uy we may, by integrating, find the relation of u and v, 
which gives us the nature of the orbit; this is called the 
inverse problem of central forces. 

25. Prop. The orbit being giveuy to find the time of 
describing any part of it. 

dv h 
By Cor. 2, Art. 22, ^ = -^ ; 

dt r" 
hence, 3- = t ; 

and if r be expressed in terms of w, / = / — . 

dt dt dv - dt r^ dv 

Also, -— = --.--, whence --=--.-—. 
dr dv dr dr h ar 

rf^ dv 

And if « be expressed in terms of r, t = / t • 3~ • 

Jf h dr 

Cob. 1. To find the velocity at any point in terms of 
u and Vy 

df'"df^df'dv''df'^ de' 



I , h dv\ 



h^ dr' K' 
r* ' dv^ 7^ 

du 



(du \ 

by Art. 24. 

CoK. 2. If we draw iSF a perpendicular on the tangent, 
and suppose SY = p, it is easily seen that we have 
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I ds r dM dt r^ 

r dv p' di' dv p' 

. ds r^ dv f* h . ^ 
whence -—«—.--■:—,— , by Cor. 2, Art. 2^ ; 
dt p dt p r 

. ds h 

hence — - = - . 
dt p 

Therefcnre the velocity is inversely as the perpendicular 
on the tangent. 

36* It has been usual among English Mathematicians 
to define a spiral by the equation between the radius vector r, 
and the perpendicular on the tangent p. This is virtually 
only a differential equation to the curve, but its use is some- 
times convenient. 

Peop. To obtain the central force in terms of r and p. 

A» d^ 
By Cor. 2, Art. 25, we have -r = -rs ; 
•^ p^ df 

and differentiating with regard to r, 

d£^ 

2A^ dp^_.df^ 

p^ ' dr dr 

p^ dr 

CoE. The velocity in the curve at any point is equal to 
that generated by the force P at that point, continued constant, 
and acting on a body to urge it through one-fourth the 
chord of curvature drawn at that point through the centre 
of force. 

For by this Article, 
(velocity)* = -= PjP — = 2 P . :]^ chord of curvature, (for 

chord =» 2p-- . Lacroix^ Note H.) 

dp ^ 

= (velocity)* produced by force P through \ chord, 
because for constant forces, (velocity)^ = 2/«. 



3 ' ^^ = ^ "rrr = " ^^^ ^y ^^*- ^^ ' 
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Sect. II. CiacuLAA Motion. 

27* Pbop. When bodies revolve in circles having the 
centre of force in the centre of the circle^ to determine the 
periodic time. 



In this case r is constant, and therefore u constant, and hence 

du d^u 

dv * dv^ 



= 0, ■j^'^O, 



and equation {d) Art. 24, becomes 

P h^ 

^-^,-0, orP=AW=-. 

h^ 
Also by Cor. 1, Art. 25, (velocity)' = A*«* = — ; hence 

(velocity)* = Pr, and velocity = y/Pr, 

Now if T' be the time of a revolution 

_ circumference 2 tt r 2 tt y/r 
velocity y/'Pr y/P 

CoE. 1 . If P oc r, T' is constant, velocity oc r, 

P oc 1 , Toe /^r, velocity oc y/r^ 

Poc — , Tocrt, velocity oc — ;- , 

r* -y/r 

Poc — , Tocr*, velocity OC-, 

It r 

CoE. 2. Similarly if the variation of T were given, that of 
P would be known. 

Sect. III. Elliptical Motion. 

28. Peop. a body being acted upon by a central force 
which is inversely as the square of the distance ; it is required 
to find the integrals of the general equations of motion. 
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The centre of force being made the origin of co-ordinates, 
let r be the distance of any pcHnt, and -3 the force at that 

distance. Then -^ ^ , are the forces which 

act upon the body ; and the equations (a') of Art. 12, give 

'=d?-^-7' "=d?-^7i-' "=5?-^^= 

we have already found four integrals of these equations, 
namely, in Art. 22, the integrals (6^ 

dx dy , dw d« . d« dy ., 

^ d/ d^ d^ dt ^ dt dt 

also, from Art. 23, Cor. 2, observing that here 

JrV r 2a 

(2 a being the value of r for which the expression vanishes,) 

- , . . . ^ dx^ df? d7? 2m m 

we have the integral (c') ^ + -^ + -^ = --- . 

In order to find other integrals, take the equations 
^x ixx ^y fxy 

,, dx d% -,, dss dy 

dt dt dt dt 

multiply each member of the upper equations by the member 
which stands under it, and subtract the second equations from 
the first : we have thus 

_,(^d? d^y fix ( d% dx\ /my ( dy d%\ 

^ df'^ df^^ V'Tt^'d-t) - V VTt'^di) 



n f 2 d% xdx + ydy\ 



JUL f dx dr\ 



d'- 

r 

7t 
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Integrating, ^ "tt - ^ ^ = H/, / being a constant. 



By a similar process we find 

Hence, we have 7 integrals, and 7 constants : 

(A, A', A", /, /, /', a) 

but these are equivalent only to 5 independent equations and 
5 constants. See Mrs SomerviUey Mec. Heav. Art. 370. 

The body will move in a conic section. But instead of 
proceeding with the determination of the motion founded on the 
preceding integrals, we shall obtain the solution by means of 
the equation (d) of Art. 24. The former method of finding 
this motion leads to the mode of investigation which is employed 
in the case of the Planetary Theory, the latter to that which is' 
more commonly used in the Lunar Theory. 

29* Prop. Let the force be inversely as the square of the 

distance, or P = -r « uvf : to determine the motion, 

r* 

__ * y -X d^^ M 

Here, by (d), _+«,-- =o. 

To integrate this, let u — •-z^^ w ; 



J +w=:0; 



dPw 

and if 6^ represent a particular value of w, we have 

Ac* + 1=0, A:==fcy^-i. 
(Lacroiof, Art. 280, 281.) 
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Hence, the general value is 



= (^^ (,'^i + e»V^«) + (£ZJ^) (e»>^I - e-^^) 



(making C + C = C„ ^-^=^7^1)' 
= C\ COS. V + Oa sin. v. 

Hence, » = - ■= C. cos. i> + C. sin. v + -z,. 

r hr 

, du -. . ^ 

and -r— as - Ci 8in. « + Cg cos. «. 
at? 

Now when t? = 0, -r- = Cg, 

at? 

when t? « TT, -^ = - Cg ; 

at? 

hence, between t? s 0, and t? = tt, there must be a value of v 

du 
which makes —- = : let this value of t? be a ; 

at? 

.*. — Ci sin. a + C2 cos. a = ; Cg cos. a = Ci sin. a ; 

1 Ci COS. a COS. t? + Cg COS. a sin. t? /i 
r COS. a hr 

Ci , , fX 

= (cos. a COS. t? 4- sin. a sin. «) + 75 



COS. a A^ 

d COS. (t? - a) /ut 

- + Ts • 
COS. a rl 



Let / and r" be the values of r, for t? = a, and t? 5= tt + a ; 
both being supposed positive ; hence, 

1 Ci /A 

r COS. a h 
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"77 = + Ti ' ^"d, adding and subtracting, 

nr ^ [r r ) cos. a ^ [r r \ 
Hence, the equation becomes 



.'. r =s 



2r r 



r'+ r"+ (/'- r') cos. (« - a) ' 



Now r', r are opposite parts of the same line : let r '+ r'= 2 a, 
r"- r'= 2 ae ; .-. /r"= a* - a*c*, and 

r = 



1 + e COS. (tJ — a) * 

the equation to an ellipse, v - a being measured from the vertex 
nearest to <S*. 

If r" be less than r , « will be negative, and the angle tj - a 
wilLbe measured from the larger portion of the axis. 

The curve may assume different forms by the alteration of 

the arbitrary quantities Ci, C2. If - or « ever become 0, or 

negative, the form of the curve is no longer an ellipse. 

Now the two values corresponding to v = a, -and t? = ir + a, 
being those for which —- = 0, are manifestly the greatest and 

least values of u. Hence, if any value of t^ be negative, one 
of these will be so. And hence the curve will no longer be 
an ellipse, if either 

Ci JUL Ci fl 

+ li » ®^ + r2 ' "^ negative. 

hr cos. o nr 



COS. a 



• Prindpiaf Book I. Prop. 11. 

F 
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If for instance, the latter be negative, we may suppose 

— s — ^ — ; where r" is positive, whence, as before, 

r" COS. a h^ 



XT r 



r = 



(/'+ r) COS. (« - a) + /'- / ' 
and making r'^r = 2a, /'+r'=2oe, (supposing r" > r') 

we have r = ^^ , the equation to an hyperbola. 

ecos. (« — o) + 1 

If we have ^ + ^ = o, we get, putting - for - — '— , 

COS. a nr ^ * y^« ^qs ^ 

1 A* 

- = ^ (cos. (v - a) + 1 i; and if - = 22>, 

2Z> 



r = 



1 + cos. (v — a) 



- ; the equation to a parabola. 



And similarly if — — -i- ^ = o, the curve will be a parabola, 

cos. a nr 

but in a different position. 

Hence, in all cases the curve will be a conic section : and 
supposing Cj positive, it will be 

an ellipse if ^— + t^ be positive, or — > 



COS. a h^ A* COS. a 

a parabola if ^' Ti == ^j ^' li - 



COS. a h^ h^ COS. a 

an hyperbola if - > + Ti ^^ negative, or — < * 



COS. a h^ h> cos. a 

30. Peop. a body being projected from a given, pointy 
with a given velocity , in a given direction ; and acted on by a 
given force varying inversely as the square of the distance ; 
to find the trajectory described'^. 

• Prineipiaf Book I. Prop. 17. 
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This problem might be solved by the preceding formula?, 
but more simply as follows. 

In fig. 11, let a body be projected from a distance SP = iZ, 
in a direction PV making the angle SPY- 5, and let the velo- 
city at P = F; force = ^ , Sp ^ r. 

By Art. 2S, velocity* = C-2/,P = C-2/5 = C+— ; 

*' fk. 1 * 

and when r = R, velocity = V; .-. velocity* = F*H- 2yu | — > . 

But by Art. 25, Cor. 2, velocity = — , p being the perpen- 

P 
dicular on the tangent. 

Hence, at Py ■ . = P ; because perp'. = R sin. S 

Rr sm. o 



.•.dividing,—^ l + _|___J; 

1 1 2m 2/m 1 

*'• p "" fi»sin.«S " PiPsin.*^ "^ F«iPsin.*Sr' 

now m the ellipse — = -ts + ^t-*; 

jr It tr r 

m the hyperbola - = - + _.--; 

and the expression for -- in the trajectory may manifestly 

■ 

* For P*=o~Z~ ^" **^^ ellipse, 

and /)««=5 in the hyperbola, by Conic Sections. 
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be made to agree with one or the other of these, as the 
part of it independent of r is positive or negative. 

Hence, the trajectory will be an ellipse 

" w ' 2$ " jjim ' 8 ^ "^ negative ; 

that is, if K:^; or if ^<^. 

Similarly, if ^ > ^ > the curve will be an hyperbola. 

2m 
If P= — , the curve will be a parabola. 



In the case of the ellipse, we must have 

1 _ 2/1 1 2 

V " Pi?«sin.*5 " /?«sin.«S " Pfl» 

2a 2/x 



Bin." 5 11? 2 4' 



also 



6* P'iP'sin.'S' 

1 1 P 
* 2a i? 2/x* 

Hence, a and 6, the semi-axes of the ellipse, are known : 

and hence, «« = ^ is known. To find the position of 

a 

the major axis we have 

a(l-c«) 



« = 



1 H- c COS. (« - a) ' 



where v is the angle which determines the position of P, and 
is therefore known. Hence, cos. (t? - a) is known, and hence 
a, which determines the position of the major axis. 

Cor. 1. It appears by page 11, that the (velocity)* from 

2u 
an infinite distance = ~ ; hence, the trajectory will be an 

R 
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ellipse, a parabola, or an hyperbola, as the velocity is less 
than, equal to, or greater than that acquired from infinity. 



Cob. 2. In the first case 
1 1 P 
2a R 2/u 



'*{^-ir 



therefore V is the velocity acquired by falling from a distance 
2a to a distance 2>, (seep. 11). Hence 2a is the distance 
from the centre at which a body must begin to fall, so that 
when it reaches the curve, it may have the velocity of the 
body in the curve; and this distance is the same for every 
point of the curve. 

CoE. 3. Let the velocity = n times the velocity from 
infinity, or 

F« = n^%; .'. by last Cor. — = ^^ " ^ ^ 
R ^ 2a R 

R 1 1 - n^ ^ n^jg'sin."^ 

^"""TT^' 6^"n«/?«sin.«r l-n« * 

Hence, c*=l ^=1- 4.n*(l - n*) sin.* 5. 

or 

By means of these formulae, we may, under given circum- 
stances, find the magnitude and position of the trajectory. 

Cob. 4. It appears from the preceding investigation that 
the major axis is independent of the direction of projection. 
And that, if n be given, the eccentricity is independent of the 
distance of projection. 

Ex. A body is projected in a direction making an angle of 
30^ with the distance ; and with a velocity which is to the 
velocity from infinity as 4 to 5: to determine the ellipse 
described. 

In this case, w = - , sin. 5 = - ; 

5 2 



46 



R 25R 
1 - n* 9 

^ = — ; 5 — = T" ' 

1 -n* 9 

.•.- = —= .48 ; .-. c* = 1 - -; = .7696 
a 25 a* 

e = .877. 
And at the point of projection 



^^ «(1-^) 18 



25R 

X .2304 



1 + c . COS. (« - a) 1 + .877 cos. (v — a) ' 

25 

— X .2304 - 1 
, 18 680 
.'. cos. (t? — a) = — ^^— — — s 

^ .877 877 

= - .7753, &c. = - COS. 39*^ . 10'. 
Hence, « - a = 140^ 50' = ASP, fig. 11. 

31 . Peop. To Jind the time of describing any portion 
of the elliptical orbit*, 

dt r* rv» 

We have the equation --- = r-, (Art. 22) ; .-. ^ = / — ; 

dv h J^h 

and Since by Art. 29, ^, = i |-, + ^-J = t' ^s^^«^ > 

.*. A = \/(aM) • \/(l - «')• 
Instead of substituting for r its value in terms of v, which 

would produce for — an expression not readily integrable ; 

we shall express the time in terms of another angle w, as 
follows. 



• Frincipia, Book I. Prop, 31. 
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On the major axis of the ellipse Aa^ fig. 13, let a semi- 
circle be described, and MPQ drawn perpendicular to the 
axis, and SQ9 CQ joined : and let ACQ = u. 

The expression J^r'^^ beginning from Ay is twice the area 
ASPf Now it is easily seen that 

area ASP MP BC 
area ASQ " MQ" AC" 

,'. area ASP = -. area^^SQ = - (area^CQ - SCQ) 

a a 

^^-■{^AC.AQ-^SC.MQ) 

= — (a .au — ae ,a sm. u) ; 

••• ^^^ = 2 area ASP = ab(u - csin.w), 
and putting for 6, a ^(l - e*), and for h its value, 

the time being supposed to begin from A, 

We have now to find the relation between u and v ; 
HP' - HM^ = PJf « = ^P* - S'Jf * ; 

.. HP' - SP' =- HM' ' SM'' ; 
{HP+SP) (HP - SP) = (HM+SM) (HM^SM); 

2AC,(2AC''2SP)^2CM.2CS; 
or, dividing by 2.2: and putting acos.t^ for CM^ 

a(a — r) = a cos. u,ae; 
.*. ^P = r = a — ac cos.w, 

SM CM — CaS a COS. u — ae 



and cos.v = 



aSP aSP a — accos.w' 
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co&,u - e 

.'. COS. V 



Hence, 



I — e COS. u 

1 — COS. V 1 — C COS. W + C — COS. u 



1 -I- cos.w I — e cos.u — « + cos.fi 

(1 +e) (l -cos.w) 
(1 -e)(l +COS.W)' 

.-. tan.*- = .tan.* — ; 

2 1 -e 2 

_ v /l + e ti 

and tan. - = \/ .tan.— 

2 ^ 1 -e 2 



(2) 



Hence, we can find ti in terms of v by (2), and then t in 
terms of u by (1) ; and conversely. The angle w, or ACQ, 
is called in Astronomy the eccentric anomaly^ ASP being 
called the true anomaly. 

Cor. To find the time of a half revolution from A to o, 
it is evident that we must take u from to tt : which will give 

ai 

i 



/ = -T . TT. 



Hence, the time of a revolution is 



Qaiir 



If the trajectory be an hyperbola, the calculations will 
be nearly the same as in the case of the ellipse. 

If the force be repulsive, an hyperbola will be described, 
having the centre of force in its exterior focus ; and its pro- 
perties will be analogous to those in the other cases. 

32. Prop. To ewpand u, ^n.u, ^n.2u, in terms oft. 
By the last Article, we have 

u — e sin.ti = —^t = nt, ifn = -5. 

Hence, u = nt -\- e sin.ti. 
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But by Lagrange's Theorem, (Trans. Lacraiaf^ Note 2; 
p. 635). 

• r 

I{ y = z + e(f>{y)y we have [putting y for /(y)]< 

^ 1 ^^ ^ 1 .2 d% 1.2.3 d«r^ 

Now, making (p (x) « sin. ;^, we have 
<f>{%) = sin. 5r, 



dx dx 



2 sm. j^ COS. X ^ 2 sm. 2ir, 



€p{0(jir)}' d^sin.^sr d(3 sin.^^rcos. ^) 

= 6 sin. 5f cos. X — 3 sin.^ « 

= 6sin.5f - 9sin.^^. 

XT • o o • . • s u -3 38in.«r-sin.S^ 

Now, sm.3i^*sSsin. XT — 4sin.^j2r, whence sm.'afe , 

4 

cP sin.* iJf 9 sin. 3x — 3 sin. ar 3^ sin. 3x — 3 sin. ii; 
and ^^ -^ . 

And, in like planner, the other terms may be reduced 
to sines of multiples of x. Hence, putting nt for «r, and 
u for y, 

e e^ , 

u=:nt + - sin. n# h 2 sin. 2nt 

1 1.2.2 

1.2.3.2'^^ ^ 

Again, by the same theorem, putting sin. y for /(y), 

^ ^ „ d sin. sf 

e,. dsm.^ e- <^^^3 dx ^ 

sin. «/ = sm. ^ -I- - <p(^) — ; 1 ■ . + &c. 

^ 1^^^ (^^ 1.2 dx 

G 
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34. Pkof. To expand v in terms of t. 

Since, by Art. 33, © «= w + 2X sin. u h sin. 2u + &c. 

Substituting for t«, sin. t^, sin. 2t^, &c. from Art. 32, we have 

t; = n^ + - sin. w^ H- 2 sin. 2nt 

1 1.2.2 

H • (S'* sin. Snt " 3 sin. w /) 

+ 2X jsin.7i^ + sin. 2n/ 

^ 1.2 

e' 
-f (3 sin. 3/1/ — sin. n/)f 

2X^ e 

+ ^^{sin.2n^ + -(sin. 3w^ - sin. nt)\ 

Also X = - + — f- &c. by expanding. 

2 o 

Hence we have 

2e I sin. nt + — sin. ^nt 4- sin. 3nt + &c, 

47 4 12 

which is true as far as terms involving e^. 

35. Prop. Taeofpand r in terms oft. 

We have by Art. 31, r ^ a (l - ecos. w). 
Now, as before, in Art. 32, putting cos. y for /(y), 

e , , d.cos.x e" ^^ ^^ d«r 
cos. y - COS. X + - (p (z) — + 



d'- {<t)(^)} 



1.2 dz 

d COS. X 



e^ «^\ /3 ^^ 

4. — —--- + &c. • 

1 . M . i7 (t Z 
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Making (x) = sin.iVy we have 

^ , ^ dcos.% , ^ COS. 2j2f — 1 
(^) — J = — sin/ X = 



rf{<^(*)} 



2 



C{ COS. ^ 

dz d sin.^ jzt 



cZiir dx 



3 

= — 8 sin.^ ^ COS. « = — sin. » sin. 2x 

2 

= - (cos. 3x — COS. iir), 
4 ^ ^ 






d% d? sin."* ;ir d . 4 sin.^;^cos. ^ 



c^^ e/;;; dx 

= — 12 sin.^ ^ COS.* i^ + 4 sin.^ e 

= 4 Avi?% - l6sin.^^cos.*ii' = 4sin.*^ - 4sin.^2ar 

=r 2 (l - cos. 9.%) - 2 (1 - cos. 4«) 
= 2 cos. 4i8f - 2 COS. 2i^, &c. 

Hence, putting u for y and nt for ^r, 

ecos.2n^-l c^ 3 

COS. w = COS. w^ + + -—; . - (cos. 3 w# - cos. nt) 

1 2 1.2 4 

. 2 (cos. 47^/ - COS. 2n^) + &c. 



1.2,3 

Hence, - = 1 — c cos. t^ = I + e cos. wy cos. 2 wr 

a 2 2 

g2 3 

. - (cos. 3 71 ^ — COS. n() -k- &c. 



1.2 4 



36. Peop. To express the chord of an elliptical arc 
in terms of the mean anomalies of its extremities. 
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If Uy u\ be the mean anomalies, t?, xl the true, r, r' the 
radii vectors; by Art. 31, 

V COS. u — e a 

- = 1 — c COS. u^ COS. tJ = = - (cos. u — e), 

a 1 — c COS. u r 

. , o (1 - e COS. uY - (cos. w — eY 

whence sm.'^v = 1 - cos.'* v = ^^ — — ^ 

(1 — ecos. t^)* 

r^sin.^t) ., , ov o 

-1 = 1 — C' — (1 — «*) COS.* u^ 

or 

= (1 - e^) (l - cos.^ w) = (l - e^) sin.^ u^ 

and sin. v = - \/(l - e^) . sin. t^. 

T 

In like manner 

cos. v' = — (cos. w' - e), sin. v' = - \/ (l - e^) sin. w'. 

Now by trigonometry, if c be the chord of 4he arc, 
c^ = (/ COS. t)' — r COS. tj)^ + (r sin. v' — r sin. «)^ 
= a^ (cos. t^' - COS. uy -f a^ (l — e^) (sin. w/— sin. ^«)^ 
by the preceding formulae. 

then t^' = /3' + /3, u^fi'-^fi; 

and COS. t^' — cos. w = 2 sin. /3 sin. /3', 

sin. ^^' - sin. u = 2 sin. /3 cos. /3^ ; 
therefore 

c^ = 4a^ sin.^ /3 sin.^ /3' + ^a^ (i - e^) sin.^ /3 cos.^ /3' ; 

or, c" = 4>»^ sin.* )3 (1 - e^ cos.^ /3'). 
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37- Prop. In a/n elliptical orbit, the time of describe 
ing any arc depends only on the chord of the arc, the sum of 
the extreme radii vectors^ and the major axis: these quan- 
tities being the same^ the time is the same, whatever be the 
eccentricity. 

If V be the angle measured from the perihelion, we have, 
by Arts. 29j 31, 32, making /u = 1> 

a(l-c*) 



1 + e COS. V 
r s a(l — ^cos.t^), 
t = ai(u — esm.u). 

Suppose that r, v, u, t belong to the first extremity of the 
elliptical arc, and that /, v', u\ i are the corresponding quan- 
tities for the other extremity. Then 

«(l-e' ) 

T s= 



1 -I- e cos. ©' ' 



/ = o(l — ccos.w'), 
t = a'(w' — e sin.t^'). 
Hence, t ^t ^ (A \yi — w — e(sin. w' — sin.t^) \ 



= aTtlu — w — 2&sm. cos. }. 

I 2 2] 



Let t'^t^T, -— — =j3, -— — = )3'; 

therefore, r = 2a'(/3 - esin.)3cos.j8') (l). 

Add together the two second values of r and /, observing 
that COS. w + cos.t^ = 2 cos. j3 cos.j3', and making / + r = 2? ; 
we then have 

R = 2a(l - c cos. /3 COS. /3') (2). 
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Now c being the chord of the elliptical arc, we have by 
the last Prop. 

(?^Wmi?^{\ - c« co8.*/3') (S). 

rrom (2) we have ecos.p = ^^ . 

This substituted in (l) and (3) gives 

2T = 2al{/3 + — ^^ .tan./3} (4). 

c^ = 4anan.*/3{cos.«/3- (^^^~^) 1 (5). 

Here e is not involved : and if we take the value of )3 
given by (5) and substitute it in (4), we shall have r depend- 
ing on a, c, and R solely. 

38. Prop. To express the time of describing any arc 
of an elliptical orbit in terms depending on the major aadsy 
chord, and extreme radii vectors. 

-, - 2a-i?+c , 2a-i?-c 

Make x = , j^ = ; 

2a Sa 



Hence, »af'= ( | 

V 2a / 4o 



(2a -Ry c' 
V 2a / ia^' 



z" -f x "" /2a -RV c' 



For the sake of abbreviation, make = k, sin. 3 = », 

2a 

tan. (i=t. Then by (5) of last Prop. 

-^ = «« - kH\ 



«7 



Hence, &*(!+<*)-«»(=:*» -^ 



xx 



A^(l.O + ^'(=A.V^).= 



c'\ i»^ + »» 



2 



Square the first equation and subtract double** the second, 
adding 1 to both sides: then ^ 

k*(l + fy - 2 &"(! + ^) «« + 1 + ^ 

-2A;»(1 -^)-2«* = l-«f«-i!?'2 + «fV*: or, 
k'(i + ^)2 - 2A:^(1 4-«'- ^+ «»^) -f (1 - «V= (1 -)^)(1 -O- 

But ^ = ^; whence, «^— ^ + «*^ « 0, and we may put 

1-^2 _^^«/^ for i+««-^ + «V. When this is done the 
first side becomes a square ; and extracting the root we have 

Also, A;'(H-^')-«* = ^;y'; 

therefore, 1 - 2«^ = «i!?' =fc \/(l - »*) (l - «'*). 
Let ^=cos."';j?, ^= cos.'^ijr'; 

also, 1 - 2«^ = cos.2)3 ; 

hence, \/l— ^ = sin.^, v 1 — ar'^ = sin.^ ; 
and taking the ui^ier sign, 

COS. 2/3 = COS. r COS. ^ + sin.? sin. ^ 

sin. a 2 sm. 5 « COS. 2 — 2. 

2 2 

hence, tan.^ = fr—p "^ pTT PTF 

cos. ^ ^ COS. ^ ^ cos. ^ ^ 

2 2 2 

sin. ^ - sin. ^ sin. ^' - sin. ^ 
cos. ^' + cos. ^ $/ + X 

H 
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3a — R 
Also, » + X ^ ; hence by (4) of last Prop, t becomes 

T = a*{^-^-sin.^ + 8in.^}. 

In this case the whole period corresponds a'. Sir since /u is 1. 

Hence, if 7 be the period of a body for which a « 1 ; 

T 27r 

Sect. IV. Parabolic Motion. 

39. Prop. In the case in which the orbit is a para- 
boloy it is required to Jind the time in terms of the angle. 

dt r^ 
As before, -— = —;. 
dv h 

and r = , v being measured from the vertex, so that 

1 + cos.t> 

a in page 42, is 0. 

Also, h = v 2)u-D. Hence, 

d£ 4jy ^ 1 

dv \/2;i2>(l H- cos.t?)* (2m)^ ^v 



COS. - 

2 



8^ . .2^ 

_- COS. - + sm. - 
2>§ 2 



(2m)^ 



= -7 — ry. <l +tan.*->. 



COS.* - COS. 

2 2 

V 

2d tan. - 
1 2 

and ■ St I ; 

^v dv 

COS.* - 



22>f f 1? 1 ,vl 
hence, mteirrating, t = r — -rUan. - -f - tan.*-/, 

(2m)M 2 3 2j' 

t being supposed to begin at the vertex, when u = 0. 
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40. Prop. To find the 'place of a body in a given 
parabolic orbit, at a given time, by a geometrical constmc' 
tion. 

(Newton, Book I. Prop, xxx.) 

Fig. 147- Let S be the focus, A the vertex, t the time 
from A when the body is at P. The area ASP 



Let M be such that area ASP = 4i»f . AS. 

or 42>.JIf=^V — ; M=:t^!—r-. 

^ 2 4.^/2 

Bisect AS in G, and make GH perpendicular to AS and 
equal to SM: with centre H, and radius HA, describe a 
circle SP, meeting the parabola in P: P will be the place 
of the body at the time t. 

Draw PO perpendicular to the axis. Then 

AG'+GJP^HP'^(AO''AGf+(PO-'GHy 

^A(r+PO'''2GJ.AO'2GH.PO-^AG^-^GIP. 
Hence, 

2GH.P0 ^AO' + PO' - 2GA.A0 = AO' + PO" - SA.AO 
^A(f^P(f^'P(f^ A(P + -P0' 

4 4 

PO^ 3 ^^. sPO" fAO 



^AO.-—: + -PO^^ 



(f^-^)- 



4fAS 4 4fAS 

^^.T .c PO fAO , \ PO fAO ^^ ^^\ 

or - GH.AS = — - ( — •\'AS] = [- - ■\- AO -- SO] 

3 2 \ 3 I 2 \3 ) 

= - JO.PO- -5'0.P0 = areaJ0P-triangle*y0P, 

2 
because the area of a parabola is - of the circumscribing 

rectangle. 

Hence, 4M.AS=^ area ASP, and P is rightly determined. 
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Cor. 1. Let SQ be perpendicular to the axis, and let 
Mhe N when the body is at Q : 

then ^N.JS^ area ASQ ^-JS.SQ^- ASf". 

3 3 

Hence, N^ — ; 

3 
and time in JQ : time in AP :: M : N :: 3M : 3N :: GH : AS. 

Cob. 2. The line GH increases proportionally to the 

time; hence the velocity of H is uniform. Now, when the 

AS . AP 

body is very near to A^ AP is small, area ASP = '- 

ultimately. 

3 area ASP 3 AP 



And GH^3M = 



4,AS 8 



GH 3 , . ■ , , ^ vel. at H 3 

hence, ---- = - ultimately ; and therefore — z « - . 

AP S ^ vel. at ^ 8 

41. Peop. It is required to express the time of de- 
scribing any arc of a parabola in terms of its chords and 
of the rays at its extremities, (Lambert's Theorem,) 

The expression here sought is to be independent of the 
distance of the vertex from the focus. 

Make in Art. 38. a large : 

R-c 

and since » = 1 — 



2a 



ultimately when a is very large: 

hence ultimately, ^ — sin, ^ = - ^ = - ( 1 . 

Similarly, r-sin.r = ^r = ^(^)*' 



61 
Hence, in this case, we have by Art. 88, 

T 1 



T 127r 
1 



12 TT 



{(r + r + c)' =f (r + r' - c)'} . 



The sign + is to be taken when the two extremities of 
the chord c are on different sides of the axis. 

If we take the radius of the Earth''s orbit for unity, 
and suppose the parabola to be described about the Sun, 

T = 365,25 days. 

Sect. V. The Inverse Cube. 
4S. Prop. Let the force be inversely as the cube of the 

distance, or P = — = yuu^*. 

r^ 

The equation in this case becomes 

To integrate this equation, let u = e**^ be a particular solution. 
(See LacrouVf Elem. Treat. Art. 280.) 

Thence, A;V 1 - ^ = ; 



* Newton considered the curves described when the force is inversely as the 
cube of the distance, and besides the logarithmic spiral, noticed the curves, 
Species i, v, and vi; but omitted the examination of the others, by supposing 
the body to move from an apse. Principia, Book i. Prop. 9, and Prop. 41, Cor. 3. 
The complete analysis of this case was given by Cotes in his Logometria ; 
Phil. Trans. 1715; from which circumstance these curves are sometimes called 
Cotes's Spirals. From certain analogies observed by Newton, Species i, ahd v, are 
called the Hyperbolic and Elliptic Spiral, respectively. It may be remarked, how- 
ever, that the Reciprocal Spiral is sometimes, by foreign writers, called the Hyper- 
bolic Spiral. 
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and if 79 — 7 be the two values of k in this equation, the 
general integral will be 

C, C being any two arbitrary constants. 

The curves described will be different, as the values of =fc 'y 
are possible or impossible, and as the arbitrary constants are 
positive or negative. We shall consider the different 3pecies 
thus produced. 

Species I. Let ts> l> ^^^ C, C' both the same sign. 

hr 

Hence, A; = ± V i^^^\\^^y. 

Suppose, therefore, u = Ce^'' + C e"^ '-> 

du 
hence, -r- = 7 ICer' - Ce"^]- 
dv ' ^ ^ 

fill O^ 

Now, when t- = 0, Ce^ = C"€-r« or €^'>^ = -7:: ; 

a« C 

which can always be fulfilled by a possible value of v : let this 

value be a, so that 

Hence, «^ = c {e'y^*-"^ + g-y(«-a)| 

When « = a, t^ = 2c ; and since at that point — — = 0, the 

dv 

curve is perpendicular to the radius, or there is an apse^. 

As '0 increases, u increases, and therefore r diminishes, and 

when « becomes infinite, r becomes 0. Hence, the curve is 

such as is represented in fig. 14. 



• An apse ft a point where the curve is perpendicular to the radius vector, and " 
where, consequently, in general, the radius vector will be either a maximum or ' 
minimum. 
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If Cy C be both negative, the curve will be the same. 
The sign can only indicate that the angle v is to be measured 
in the opposite direction. 

Species II. Let t^>1; and C = 0. 

hr 

Therefore, w = Ce^ ; 71? = 1^ = 1- , if a = ^. 

Hence, the curve is the logarithmic spiral, fig. 15. 

^.„ . . dv 1 1 dr / 1 ^ \ 

Differentiating, 7^=-;? -;-d^ = 'y = V (^- ij = 

hence, \/ \'T%'^^\ ^^ ^'^ co-tangent of the constant angle 
SPY, which the tangent makes with the radius vector: and 
therefore ^^^^ is the co-secant, and — 7- the sine of SPY. 

Let — 7- = sin./3; .'. h = sin.)3>v//A. 

If C = 0, the curve will be the same. 
Species III. Let -g>l, and C negative. 

Therefore, u « Ce^^ - Ce''^^ 

C 

Now, when w = 0, Ce^^C^e"^ and e'^^^ — , for which 

there is always a possible value of t^ : let this value be a ; and 
let C€'>'"=C-6-'y««=c; 

and hence u = c {e'^^'""^ - e"^^'"''\> 

When v ^ a, since w = 0, r is infinite. As v increases, 
u increases, and r decreases ; and when v is infinite, u is also 
infinite, and r vanishes. Hence, the form of the curve is that 
in fig. 16, « — a being the angle ASP* 
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If p be the perpendicular from S upon the tangent, we 
have, (p. 36,) 

3 ^ Za ^«,» ■" 15 ■*" I* 



and when t? = a, -5 = c*(l + 7^ . 2 + 2c*(7* — 1) 

.2_ 2 • ^ 



= 4c 7 ; and p = 



2C7 
And hence there is an asymptote BZ to the curve, parallel 

to SAj at a distance SB = . 

Similarly, if C' be positive and C negative. 

Species IV. Let — = 1. 

In this case we must return to the original equation, 
which here gives us 

d*w du ^ ^, V 1 o 

= 0; .•,-— = C, u = C{v-a): r = 



dv^ ' dv C(v ^ a) V —a^ 

it being supposed that when w = 0, « = a. 

For this position r is infinite: any other value of r, as 
i^P, is reciprocally as the angle « — a, or ASP> Hence, the 
curve in this case is the Reciprocal Spiral, fig. 17. 

If a circular arc PQ be described with centre Sy PQ = 
r(v -- a) =^a; and hence, is at every point the same. 

It is manifest that the curve will have an asymptote BZ, 
such, that SB = a. 

Species V. Let 75 <1. 

h 
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In this case the values of k in the equation Ac* + 1 - Ti *^ ^> 

are impossible. Let them be =*=7\/- 1. Therefore for the 
general integral of the equation we have 

s» Ci cos.'y tJ + C2 sin.'ytJ, 
making C^- C + (f^ and Cg = \/^ (C - C). 

„ du ^ . ^ 

ilence, --— « — ^ Ci sm. 'v v + 'v C2 cos. v ^ \ 
dv ' '' ' 

and when —- = 0, tan.'yt? a=-^: for which there is always a 

value of «, whether d and Cg be of the same or of different 
signs. Let a be this value; 

sin. 7a 
cos. 7 a 

.'. u = Jcos.'yw cos.^a + sin.'vv sm.'yaj 

cos.7a ^ ' ' # . / J 

cos.7(t^ ■"«)» 



COS. 7 a 






, . Ci 1 cos.7(t?-a) - 

or, makmg « -, u- '-^ ^, and r « 

COS. 7a a a COS. 7 (t)— a) 

When t? = a, r ^ a^ and there is an apse. When 7 (« — a) = 

— , r is infinite, and therefore may be parallel to an asymp- 

tote. To find the position of the asymptote, we have 

1 ^ du^ cos.^7(«) — a) 7* sin.*7 (t> — a) ^ 
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and when 7(« - o) « ^, — - ^, p« = .^ « SB". 

Q p' or fA 

The form of the curve is given in fig. id. 

43. Pbop. To determine in what C€ises eac& of these 
curves will he described. 

We may observe, that in the case where the body describes 

a circle, and consequently where —-z «= 0, we have, 

atr 

u = 0, and Tg = Ij or A = \/yi^ the area in time 1. 

Now the species varies as -- in the curve is greater than, 

hr 

equal to, or less than 1 : that is, as A, the area in time 1 

in the curve, is less than, equal to, or greater than ^/n, its 

value in the circle. So that if the area in a given time be 

less than that in a circle with the same force, we shall have 

Species i, ii, or iii ; if the areas be equtU, we have Species iv ; 

if the area in the curve be greater^ we have Species v. 

In these two latter cases it is clear, that since the area is 
not less than it is in the circle when the radii vectors are the 
same, the velocity will be greater than it is in a circle. In the 
three first cases we may thus compare those velocities. 

In the circle whose radius is r, since r* . velocity* = W = /x, 
we have velocity* = -— = ^t^^* 

du""' 



In tBe curve, (velocity)* = A* f t^* + -—J . 



But w = C€^+C€-y', 



* This is also the velocity from an infinite distance. 
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Hence, (velocity*) - A*(l + 7*)^* - 47»CC" 

= p,u^ - ^y^CC ; since A*(l + 7*) = m- 

If the velocity be leas than that in a circle, we have CC nega- 
tive, and therefore the curve is Species i. If the velocity be 
equal to that in a circle, we have Species 11. If the velocity 
in the curve be greater^ we have Species iii. 

If the force be repulsive, the equation will resemble the one 
for Species v, and the curve, which we may call Species vi^ 
will be as in fig. 19. 

« 

44. Prop. To find the time of describing any portion 
of the curves described in Art. 42. 

In Species i, if we suppose the angle t? to be measured 
from the apse, and consequently a = 0, we shall have 

^dv \ dv \ 1 dv 

^ 1 e^'' dv 

1 1 



.'. ht=^C - 



2c^y • €*r^ + 1 • 



We may suppose the time to begin when o « : on this sup- 
position we have 

Similarly, we should find 



a , „ . a 



in Species 11, t ^ — Ai -e^'y^i ^ 3— 7" {l - ^-''^''l, 

^ 27^^ * cot./3v^M* 

V and t being measured from the point where the radius vector = a. 

2a* 1 1 

In Species iii, t-—r -r- , if a = — ; »(= ASP)y 

7*6*^-1 2c 

bdng measured from ^S".^, and t being the time from P to the 
centre. 
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a* a* 



In Species iv, t = — - = — ^ ; v being measured from 

SAj and t being the time to the centre. 

In Species v, ^ = -— tan.^yt?; ^ and t being measured 
from the apse. 

Co&. 1. In order to find the time r of describing a given 
angle ^, we must take the value of t between the values t^ and 
t? + ^ ; we shall thus have in Species i. 



^'^ 2c*7 U^'y + 1 e*y^"+^^ + l] 



.«y(t>+^) _ fAyo 



1 £7^ - e-y^ 



2c*7' [ey'-^e-y^] {e'>'^'"'^^ + 6"'>'^'"^^^} 

s= • ^1 ^2 5 

Ti and rg being the radii at the beginning and end of the given 
angle. 

Similarly, 

in Species ii, hi- = rjrg , 

9.y 

in Species iii, hr = I'xTft^ 

9,y 

in Species iv, At = 5 . ri rg, 

sin. 7 5 
in Species v, hr ^^1^25 

7 

Con. ^. In all the cases, the times of successive revolutions 
in the same spiral are as the extreme radii. 
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Let a straight line SRQP, fig. 14, drawn from S^ cut the 
spiral successively in A, Q, P: then, since in this case 5 = Stt 
is constant, we have 

time from P to Q : time from Q to i? :: SP . SQ : SQ. SR 

:: SP : SR. 

Sect. VI. The Inverse Fifth Powee. 
Asymptotic Ciecles. 

45. Prop. ,Let the force be inversely as the 5th power 

JUL . _ 

of the distance, or P = — = u**. 

Therefore, by (d), "r-i + «^ - -rr = ^ » 

•^ dv^ fir 

li lit 

and multiplying by 2 ■— , and integrating with regard to tj, 

C being an arbitrary constant ; hence, 

du^ ixu^ 

— - = C - w* + —- . 
dv^ 2A* 

This equation cannot be integrated generally by the common 
methods. 

When the right-hand member is a square, it becomes 
simple; that is, if 4 times the product of the extreme terms 
be equal to the square of the middle term ; 

xf_ = l; afC=-. 
On this supposition, 

dj.^^ If h ^Vm)^^ a/^P J 

i^nd we shall have two different Species as we take the + or 
the — sign. 
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^h du 



In the first case, ^ ^ = /y/2. 



-t^« 



h 

+ u 



— u 



\^ A/2.(«-a); 



a being the value of v, when w = 0. 

When V = a, r is infinite ; as u increases and r decreases, 
V increases ; and when u = — y- , or r = — — , tj is infinite. 
Hence, the curve, fig. 20, has what may be called an asymptotic 
circle with radius SA = — — , to which circle it perpetually 
approximates, but which it never actually reaches. 

We have Zk'=''^ -^Tl *^ ■*"^; **+Tn=-^ +--17; 

p* C?t?* 2/ui 2A* 2/iA 2A^ 

and when r is infinite, or w = 0, p = ^ ^ ; which is aSS, 

h 

the distance of the asymptote BZ from jS'i^. 

In the second case, we have 

2A du 

^. - A/2, 






W — 



•'• 1 ^ = ^2 . (w - a), 

a being the value of v when u is infinite. 



t* + 
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h 



Hence, 1 2^ = ^2 . (a - «). 

» 
t^ — 

When V » 4^9 uis infinite, and r « ; as u decreases, or r 
increases, a — v also increases ; and when 

w«— 7-, orr= ^Y", 

a - v is infinite. Hence, the curve has, in this case also, an 
asymptotic circle, and is situated within it, as it was before 
without it. See fig, 21 SQ comes to SA when v = 0; and 

JSP = a - «. 

Cob. 1. We shall now compare the velocity with that in 
a circle. 

In a circle with radius « r, velocity* = Pr, (see Art. 20.) 



In the curve, velocity' = A* f w* + -— j 



A' 
Now when r = SA, or w* = — , 

4 4 

velocity* in curve = \- = fULU* = velocity* in circle ; 

which it manifestly should be, because as the radius approxi- 
mates to SAy the motion approximates to circular motion. 

In the first case u is always less than — -r 9 and hence the 
velocity is always greater than that in a circle. 
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In the second case u is always greater than this value, and 
the velocity is less than that in a circle at the same distance. 

Cor. 2. To find the velocity, so that one of these curves 
may be described. 

Let, at any point P, the angle SPY^fi^ SY being a 
perpendicular on the tangent. Therefore /** = velocity^ . SY^ 
= velocity* . r* sin.*/3. 

Now let the velocity be e times that in a circle at the 
distance aSP: that is, velocity* = €*/uit^* : hence, 

6»;u«^* = — +— ; .-. (2€*-l)/i*w* = A^ 

but A^ = .Vt.^ ^ ; .•.sin.^/3=-iL = ^^(!4::i>. 

Hence, if € be given, we can find sin.^ (i ; and hence, the 
direction in which the body must be projected to describe 
the curve. It will belong to the first or second Species, as 
€ is greater or less than 1 . 

Also6*sin.*j8 = A/(2€'-l);€*sin.*/3-2€V-^^= t^ - 1 ^ 



2 • 

.'. 6 sm 



2n^_^ , V0-8in.^iQ) , l=fc^(l-sin.^j3) , 

'^ sin.*/3" sin.^iS ' ^" sin*)8 



and the first or second curve will be described, as we take 
the upper or the lower sign. 

CoE. 3. By equating the values of ASP in the two 
species, we should find for the same angle ASP^ fig. 20, 
SP'.SP^SA\ 

Sect VII. Inverse n^ Power. Trajectory with velo- 
city ACQUIRED from AN INFINITE DISTANCE. 

46. Prop. Let the force vary inversely as any power 
of the distance^ or P = mu"» 
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Therefore -r— + «^ r=— = ; 

multiplying by S — , and integrating, 

1 dt? 

whence, j^ , ^ = — 

du 



^ \ (n- 1) W 



and if the expression on the first side be integrable, we can 
find the relation between u and v. 

To find the time, we have 

dt dt dv I di) 1 

du dv ' du hu^ ' du 



'M^^^^^?^' 



The quantity C will depend upon the velocity, and will 
be known, if we know the velocity for a given point ; which 
may be called the velocity of projection^ if we consider this 
point as the beginning of the motion. For we have 



n-l 



(du\ ^uu"*"'^ 
u' + 'j-i] ^— + A»C, 
dv^l n-l 

and if, when u — a, we have velocity « F, 

F*= hA*C; whence C is known. 

n-l 

It will be convenient to compare the velocity with that 
acquired by falling from an infinite distance. Let q be the 
velocity acquired by falling through any space towards the 
centre. Therefore 

dq M 

"^ dr" r"' 
K 
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2 ^/^ 

9 = 7 7v;:Tn + const. ; 

and if 7 be the velocity acquired from infinity, 

2m StfxV^'^ 



const. = 0, y^ = 



(w-l)r*-^ n-l 



Hence, if at the point of projection, wh^re w = a, the ve- 
locity be 6 times that from infinity, we have 

e* . = + hrC; 

n — 1 n - 1 

A A2C=(€^-l).-^— — . 

^ w - 1 

Cob. At the apsides we have -7- = 0; 

at? 

^ _ 2m«""' 
(n - l)A^ 

or, putting for C its value, and dividing, 

(€' - l> a-^ - ^- ^ . «^^ + ?^«-^ = 0. 

This may have four roots possible, {for instance, if n^^^ 

and ^— >4(6* - 1)0*,} but only two of these give 

apsidal distances ; in fact the ot^^ two «re always negative. 

47. Prop. In the particutar case where the tfelocity is 
equal to that from infinity ^ to find the curves described. 

If the-^velocity be at one point that from infinity, it will 
be so at all points. For, by Art. 17, Cor. 2, if the velocity be 
acquired in falling from a distance a, 

and if a be infinite, v^ = at all points. 



7-5 

Here, in the expression of last Article, C » 0, and we can 
integrate. For we have 

1 du 1 du 



1 = 



^/{S■-"f""•'^/{(^■-l"■ 



-. 2/txw""^ , (n - 3) du 2 dy du 2 u dy 
(w-l)A* ' w dv ydv^ dv n — ?/ydv^ 

therefore, 1 = . -7— : 

n-S yx/(y*-i)dv 

and, integrating with respect to v, 

iJ — a = sec. * 1/ ; (v - a) = sec. " V = cos. * - ; 

n-3 -^ 2 ^ y 

n-S ^ ^ 1 h^(n - 1) 
.-. cos. -^ (r - a) = - = —^ jrs . 

\/(2m) . ^* ' 

h^Cn -I) *L^ n- 3 ^ 

Hence, if n>3; — ^--7- — ^^ — . r ^ = cos. (v - a). 

^(2/4) 2 ^ 

c- 1 1 i- « A\/(n-l) 1 3-n 

Similarly, if n<3; ^ ,^ — -^ -r— = cos. (u - a). 

\/(2m) /-i^ 2 ^ ^ 

In the first case, it is manifest that when the first side is 

= 1, or r 2 =s ^ , the figure has an apse. The 

h^{n — 1) 

curve is symmetrical on the two sides of this apse, and 

r diminishes as t? - o increases. When (« - a) = — , or 

2 ^2 

V — a = , we have r = 0, and the curve passes through 

n — 3 

the centre. 

In the second case, r increases as v — a increases. 

When ' (u - a) = ~ , or v - a = 5 '' ^s infinite, 

2 ^2 3^n 

and the curve is parallel to it. To find the nature of the 



76 

infinite branch, we have, (since in Art. 46, C » 0,) 

and when r is infinite, t^ = 0, and p is infinite ; hence, the 
branch has no asymptote. 

Sect VIII. Inverse n^ Power. 
Asymptotic Cibclss. 

48, Prop. Let the force vary inversely as any power 
of the distance ; it is required to find the conditions requi- 
site that the orbit may have an asymptotic circle^ See Art. 45. 

P = piU*, and as before in Art. 46. 

dv 1 

du 






Now, if the orbit have an asymptotic circle, of which the 

radius is - , it is manifest that the value of v, taken from any 

value of t« up to tt « e, will be infinite : that is,, the integral 
on the right-hand side must be infinite when u=^c. Also, 

t« = c is necessarily a factor of the denominator, because when 

du , ^ 2uU**l 

u = c, -7- = 0, and therefore C - w" + -z -r^ = 0. But if 

dv (n — 1)A* 

the denominator has two factors u — c, the int^ral will be 
infinite for u ^ c. For in that case 



"f. 



'u^{(u-cy.Q}' 

Q involving w'*"^ and inferior powers of u. And if we put 
t« s c + ^9 it is manifest that Q will become A + B% + &c. and 
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^"Jz \/{^(^ + B«-^ &c.)} 

]z Bz ^ 

. — Tz + &c. ; 



X/J 9, Ay/ A 

the other terms involving direct powers of %, Hence, when 
t^ = c, and z^Oj '0 becomes infinite. 

We shall therefore have an asymptotic circle if there be 

the factor w — c twice in the denominator of -— ; that is, 

at? 

if the equation 



(n-l)A'^ 
have two roots c, c. 

But in this case the equation 
2/uw*"* 



- 1^2 + C = 



.8 



- 2w = 0, has one of these roots ; therefore 



^^""^ -c« + C = 0, or C=:c^- ^^'''' 



(n - l)A« - -r ^ - -, -. V. - . ^^ _ ^^^,, 

2ttC*"* 
and — -T 2c =s 0, or I? « /ic"~^ 



Now, in the curve, velocity^ = W ( -— + w^ ) 



(by Art. 46,) = A^ (1^-^, + C] ; 






2 u 2^" ~ ^ 2 ix c*"" * 

(puttini:: for C its value,) = '^- + i?K^ - 7 -r; 
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(putting fof h Its value,) = -^ — ■— + /ic* * * ; 

= — ^ j^w*-* + (w - 3) c»-H. 
w- 1 ^ ^ ^ 

Let, at any point, the value of u be 6, and the angle ^JPF, 
fig. 21, which the tangent makes with the radius vector, /3 ; and 
suppose that at this point the velocity is e times that in a circle. 
Now, in a circle 

velocity^ = force x radius (Art. 27.) = /xw'* . — = /xm*"*. 

u 

And when t^ = 6, velocity* in circle = /u ft"" S and velocity*^ in 
curve as e^fib*~\ 

Hence, eV^""^ = — ^ {26""^ + (/i - 3)c»-^i ; 

n - 1 '^ ^ 

and {(w- 1)6^ -2} 6"-^ « (n -3)c»-*; 



...0=6 f ^ ;'^^ ~ '}"" ■ 



Also, A' « ^ . velocity*. an/'/S = i . e^/uft"' • sin.*/3 

But A* = jttc"-^ 

.-. c»-» = e'6-». sin.^/3 ; and c = 6 . (e . sin./9)=^. 

1 
Therefore (e sin./3)^ - | (/t - Ije' - Z j"-' 



W-3 



Andsin./3 = i.p-^>^^-T-' 

'^ e 1 /l-3 J ' 



* Hence, when w = c, velocity*=/i(r-» = velocity* in a circle; as it manifestly 
sbould be. 
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which gives the relation between the velocity and the direction 
of projection, in order that the curve may have an asymptotic 
circle. 

The radius f = -)> of the circle, is easily found by the 

preceding formulae. If - is greater than - , the circle is an 
interior one, as in fig. 20 : that is, 

if (n - 1 >€'' - 2 > n - 3, 
if 6'>1, or if €>1. 

If on the contrary e be less than 1, the circle is exterior to 
the curve, as in fig. 21. 

It is clear that we must have n>3. 

Id nearly the same way we may find the conditions requisite 
for the description of an orbit, with an asymptotic circle, when 
the force is represented by any function whatever of u. 

Sect IX. Revolving Obbits. 

49. Peop. Let the force consist of two partSy one of 
which varies inversely as the square^ and the other inversely 
as the cvhey of the distance. 





• • 


dv^ 


+ w- 


A* 


fl'u 


= 0; 


or 


(Pu 


^(- 


■A* 


u — 


A«" 



To integrate, let (l - ^) « -^, = (l - ^;)«„ 
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or w = w + ^ ; 

hr " u, 









4- ^*«? = 0: 



of which, by nearly the same process as in Art. SO, we shall 
find the integral to be 

w ^ Ci cos.'y t) + Cg sin.'ytj ; 



.-. u = Cicos.-y© + CfiSm.yv + 






This may be transformed in exactly the same manner as in 

Art. 29 ; that is, let a be the value of Vy which makes •-— = 0, 

dv 

du 
then the value which gives yv — ir •¥ ya will also make — - = ; 

dv 

and if - , 379 be the values of Uy corresponding to these values 

T T 

of 19, we shall have 



u 



" J " * {7 " 7'} ^"°''y'' ""^ +* {7 "^ 7^} ' 



which is the equation to the curve described, if / and /' be 
positive. 

This manifestly agrees with the equation to an ellipse, of 
which the focus is in the centre of forces, except in having 
'y (tJ — a) instead of t> — o. Hence, the curve may be thus de- 
scribed : if, in fig. 148, and 149, Vp be an ellipse of which the 

focus is S ; and, Sp being any radius, if we take VSP = — ^; 

7 
so that, VSP being « — o, we may have VS'p = 7(<J — a) ; then 

SP s= Sp may be r, and the equation just found for r will be 

satisfied ; therefore the curve VPB thus described will be the 

path of the body. 
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VPB will be without the ellipse Fp, fig. 148, if 7 be less 

than unity ; that is, if 1 - — < 1, or if /ui' be positive. If fj! 

h 

be negative, or the force be P^ ikU^ — liiu^j the path described 
will be within the ellipse, as in fig. 149. 

In both cases we shall have an apse B in the curve, 
corresponding to an apse h in the ellipse; at which point 
VSh = 7 . VSB, and SB « Sb. Hence, since VSB = tt, we have 

VSb TT 



VSB^ 



^TR)' 



VSB is the angle between the apsides. 

After describing an angle BSV — VSB, the body will 
come again to an apse at F', and so go on perpetuaUy re- 
volving about ^S'; approaching to it, and receding from it 
alternately. 

The line of apsides SV retains always the same position, 
when a body describes an ellipse as in Art. 30. In the case of 
the present problem, this line, which is at first in the position 
SV, fig. 148, 149, would, after one revolution, come into the 
position SV; after a second, into the position aST"; and so on ; 
the angles VSV, V'SV*\ &c. being equal. Hence, this line 
is said to revolve round ^S^. If it revolve in the direction of the 
body^s motion, as in fig. 148, it is said to move in consequential 
or to progress ; if it move in the opposite direction, as in 
fig. 149, it is said to move in antecedentia, or to regress. It 
appears by what has preceded, that the first or the second of 
these cases will occur, as the part of the force, fxu^, which varies 
inversely as the cube of the distance, is additive, or subtractive. 

TT 

If P = ^u^ + IX u^ so that we have VSB = 



it is manifest that we must have -7-0 < l ; and therefore h^ > fx, 

h 



I. 
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When h^<y!'i the body will fall into the centre without 
coming to a second apse, as might be shewn by integrating 
the equation 

dPu [u! \ JUL 

i^ + 7^ . ^ = c ; supposmg that w «= c when « = a. 

In this case the body approaches the centre by an inde- 
finite number of revolutions. 



50. Peop. Let the force be represented by any function 
of the distance ; it is required to find what value the angle 
between the apsides approanmates to^ when the orbit becomes 
very nearly a circle. 

It is manifest, that if we project a body perpendicularly 
to the radius vector, with a velocity a very little greater or 
less than the velocity in a circle for the same distance an^ 
force, the path of the body will not differ much from a circle. 
With many laws of force, the body will revolve perpetually 
between its greatest and least apsidal distances, as in last 
Prop. fig. 148, 149 ; and the angle between the apsides will 
depend both upon the velocity and the law of force. As, how- 
ever, the velocity approaches more nearly to that in a circle, 
the angle between the apsides will tend nearer and nearer to 
a certain limit. This limit it can never reach, because when 
the velocity becomes accurately that in a circle, the two apsidal 
distances are equal, a circle is the curve described, and there 
is no longer, properly speaking, an angle between the apsides, 
as every point is an apse. But if we find this limiting angle, 
it may serve to indicate what is the angle between the apsides, 
when the difference of the higher and lower apsidal distances 
is small, but finite. 
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Let P ss u^ (pu ; where (J}u is s. function of n ; so that P 
may be any function whatever of u ; 

•• by(d),^ + «--^ = o. 

Now at the point where the body is projected perpendi- 
cularly to the radius, let u= c; and for any other point let 
u = c -\- Zf z being small. Then 

(J}u =i (J}C + <p'c . % + (p'^C . f- &c. 

1.2 

Also if 1 : 1 + S were the ratio of the velocity* to the 
velocity* in a circle at the point of projection, we should have 

in the circle, velocity*= force x radius (Art. 27) = c^0c . - = c<J>c ; 

.*. in the curve, velocity's ^ i 

1 + o 

velocitv (be 

hence in the curve, h^ = ^-^ = , ^. ; 



c* c(l+5) 



therefore, substituting in the original equation, we have 
4- c 4- « : \(pc + (p c ,z + <p c. + &c.} = 0; 



( cd)c\ cd>'c %' \ 

or ^-r + 1 - -^ z - -^ . &c. 

V d>c I d)c 1.2 



> = 0. 



dti* <J>c 

(Pz 
dtp ' V <pc J " <pi 

_ c5 - ^«S - &c. 

(f>C 

And when the orbit becomes indefinitely nearly a circle, 
S becomes indefinitely small, as does z ; and hence, ^, «^, &c. 
may be omitted in comparison of z : 

, d^z ( cd/c\ ^ 

hence, ---: +1 f— ] % - cc = 0, 

dv^ \ <pc I 

cdjc 
If we make 1 f— - = y^^ we shall have, as in Art. 29, 

for the integral of this equation, 
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i-» ^ • ^^ 

z ^ Ci COS. 7 « + Cg sm. 7« + -g ; 

and w = c + i^ = Ci cos. yv -^ C2 sm. vt? + c + — 5 : 

7 
which indicates the same kind of orbit as is described in the 
last problem. And here, as there, we shall have 

A = the anirle between the apsides = — = . 

Ex. 1. Let the force vary inversely as any power of the 
distance, 



'• 7^ = 1 Z^[Zi = 3 - w ; 



.'. the angle between the apsides — 



y/{S - n) 

TT 

When » = - 1, -4 = - , which agrees with Art. 20; 
when n = 0, A ^ 



y/S' 



when w = 1, -4 = 



TT 



^/2' 

when 7i = 2, -4 = tt, which agrees with Art. SO ; 
when w = 3, ^ is infinite ; 

and when n>S^ the expression is impossible. In fact, iit this 
case, if the body leave one apse, it will never reach another, 
but will go off to infinity, if the velocity be greater than that 
in a circle, and fall to the centre if the velocity be less*. 



* This is also true if the velocity be not nearly equal to that in a circlei as might 
be shewn. 

The Student will find an investigation of the angle between the apsides, in some 
Mses when the orbit is not nearly circular, in the Transactions of the Cambridge Plii- 
losophical Society, Vol. I. Part I. p. 179. 
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If n be a little greater than 2, the apsides progress slowly : 
thus the apse will advance about 3" in one revolution, or 1^'^ in 
a semi-revolution, if n = 2^. 

Ex. 2. Let the force consist of two parts, each varying 
as any power of the distance; 

P = /It*" + m'w"' = w^Cmi'^""" -f fiW^'") ; 

g (n - gj/AC""' + (n - 2)u c"'-^ 

'* '^ " ^ M^'"' + M c-'-' 

(3 - n)|LLC'-» + (3 - n )/iV'-^ 

whence ^ = — --, is known. 

Ex. 3. Let the force vary as the sine of the distance from 
the centre, the distance being considered as an arc. 

Let q be the distance, which, in this variation, is considered 
as a quadrant ; and \k the force at that distance : then, 

sin.<7 : sin.r :: u : u..- = force at distance r: the 

sin. q 

sines being taken to such a radius that g is a quadrant. 

But, if the sines of the corresponding angles be taken to 
radius 1, they will be in the same ratio: 

and g : r :: — : — , the angle corresponding to r; 

c o . Trr . TT 

.•, force ^ F ^ II, sin. — = /ui . sm. 



2g 2qu 

:sur .— . sin. ; 

u* 2qu 

. /i . TT 

.*. 0W = — r.sin. , 

^ w 2qu 

(h u -^ r . Sin. r . 5 cos. 

' u^ 2qu ir ^qw 2qu 
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Hence, 7* = 1 — ^— == 3 + — r- cotan. 



0c 2gc 2gc 

where - is the radius of the circle to which the orbit ap- 
c ^ 

proxiinates. 

If we make - = a, we have 

c 

_ 7ra Tra 

V = 3 + — cotan. — . 
' 2q 2q 

If a = 0, 7^ = 4, 7 = 2. 

TT 

If a = ^g, y = 3 + — . 
If a = g, 7^ = 3. 
The angle between the apsides varies from — to 



2 >v/3 

according to the different magnitudes of the circle described. 

Geometrical Investigation foe Sect. IX. 

(Newton, Book I. Sect, ix.) 

51. (Newton, Prop. xLiv.) Fig. 148. If a body revolve in the 
orbit VP about the centre of force C, and if the angle VCp 
be taken always in a given ratio to VCP, (G : F) and Cp 
equal /o CP ; the orbit Vp may also be described by a force 
tending to C, P and p being always at corresponding points. 

For the area VCP is proportional to the time (Introd. 
Prop. I.) But it is easily seen that the area VCp is to the area 
VCP in the given ratio (G : F)» Hence the area VCp is so 
described as to be proportional to the time. If therefore we 
find (by Prop. vi. Introd.) the force at C by which the body 
may describe the orbit Fp, the body p will move in the 
manner asserted in the Proposition. 
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52. (Newton, Prop, xlv.) To find the difference of the 
forces by which the bodies P and p are retained in their orbits. 

Fig. 150. Let P^ phe corresponding points of the orbits, 
and also JT, n. Take the angle p Ck ^ PCK^ and describe, with 
centre C, a circle Kkn, Draw rkm perpendicular to Cp, and 
take mr : kr :: G : F, 

The motions of the bodies at P and p may be resolved each 
into two parts, the first parts being in the directions Pd p C, 
respectively, the second parts perpendicular to these directions. 
The former parts are equal in the two cases, because Cp is always 
equal to CP: the latter parts are always in the ratio F : G; 
for the velocities transverse to CPy Cp will be in the ultimate 
ratio of the angles TCP, VCp. Hence, if P, p were to pro- 
ceed from P, p with the velocities which they there have, and 
were both to be acted upon by the force which acts in P, they 
could still have equal velocities in the radii PC, pC, and 
velocities transverse to these radii which would be in the 
ratio F : G. Hence, while the former body come to k, the 
latter would come to m, because pr = PR, {KR being perpen- 
dicular to CP) and mr : kr :: G : F. 

But in order that the second body may describe the orbit 
Vpf it must be drawn to n, while the first body is brought 
to k. Hence, we must have, besides the force which acts on P, 
an additional force which shall draw the body through mn in 
the time of describing pn, 

« 

If / be this force, and t the time of describing PK or pn. 
Now if mr produced meet the circle again in «, and if mn 

Q 

meet it in #, we have mn . mt = mk . ms. But mr = -^kr, 

whence mk = — — — ki\ ms = — — — kr, 

F ' F 
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And mt ultimately passes through the centre^, and therefore 
s 2 Cp. Hence, ultimately, 

2Cp,mn = ' ^ H^ry; whence mn^ — =z — . ' . 

F^ F* 2Cp 

Also if A be the area in a unit of time, decribed by P, 

C f) . kT 
At is equal to PCK or pCk\ that is, At^- 



2 ' 



2At 
whence kr « ---— ; and hence 

Cp 



* If the sine of nz be drawn, and if mn meet zC in o, it will easily be seen that 
we have 

mr I sin.njv :: Co+Cr : Co + coB.nz, 

and mr : wr— sin.nar :: Co+Cr : Cr-cw,nz; 

, ^ ^ Cr— COS. njsr 

whence Co+Cr=:mr ; . 

mr—tan.nz 

Let zk=Zy and -p^yi also Ck = l, 

Therefore Afr = sin.«, mr sysin.*, Cr= cos. «, 

8in.n« = sin.y«, cos.nir=:cos.7JV. 

z' z* 

Hence, Cr-coR.n* = co8.*— cos.y* = l~ t-^ + i a 9 a "~ *^c. 

wir-8in.n« = y8in.ir— sin.y* = y (ar— j-^— 5+&C.) — 7* + ^— 5— g — &c. 

mr = y sin.* = y ar _ ^P^— 5 + &c. 
Ifence, by omitting the higher ^powers of «, because z vanishes ultimately, 

Co+Cr = y«.-^ = 3. 

"6" 

And ultimately Co-\-Cr^zo^ of which the value is rightly found by making z to 
vanish. Therefore aro = 3, Tjt being = l. 
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mn = — — == — . ^ ■ ; and / « — rr— = — =; — • -— -r 9 

hence the di£PSerenoe of forces is inversely as Cp^. 

Coa. 1. If a body describe the circle Kk^ describing the 
arc zk in time f, the area in a unit of time is the same as in 
the orbit of P, for the areas Cpk^ Czk^ are ultimately equal. 
Hence, in this circle the force is (Introd. Prop. vi. Cor. 3.) 

— ^ . Hence, / : force in circle with same angular velocity 

as A «• ___ \ i« 
F^ 

Cor. 2. If the orbit VP be an ellipse of which C is the 

focus, we have the force at P = (Introd. Prop, xi.) 

L being the latus rectum. Hence, the whole force at p 

+ 



L.Cp" F" 






and the force vanes as ^=-5 ^-— = — . 

Cp 

Cor. 3. If VP be an ellipse of which C is the centre, force 

*^ •'*'^ — 8*10 > «> ^ being the serai-axis; hence force on p 

a Or 

4>JP,Cp G»^F^4iJ^ 4J* (F^ ^ (?-F^ 



«*fe« F" Cp"" F" 



(F^ 6?-J^l 



Coa. 4. If JS s the radius of curvature at the apse F, the 

force in P's orbit at V is (Introd. Prop. vi. Cor. 3.) ; 

<?-F^ 4iA^ 
and therefore at V, f^ — =— - . 7^-^j^— ^ ; but at other points 

F^ C r . ^ 

f « force at V . = : 

M 



and the whole force at p ^ force at P + 
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R.Cp^ 



Coa. 5. It G : F he a ratio of less inequality, so that 
Vp falls within FP, the force on p will be less than that on P. 
The same expressions as before will be true for the difPerence 
of these forces. 

Cor. 6. Hence, knowing the force in VP, we can find the 
force in Vp ; and hence from given orbits find others. 

CoE. 7. If VP be a straight line perpendicular to CP, 

the force at P vanishes ; and the force at p ^ — — - — • — « , 

F^ Cpr 

and varies inversely as CpP. Hence, if in Fig. 151, we take 

the angle VCp in a given ratio to VCP, and Cp = CP, the 

locus of jp is an orbit which may be described by a force varying 

as the inverse cube. It may be shewn that this construction 

gives the orbits. Species 3 and 4 in Sect. v. of this Chapter. 

63. (Newton, Prop, xlv.) In orbits which are very 
nearly circular, it is required to find the angle between tKe 
apsides. 

Jn Cor. 2. of the last problem, the force may be made to 
approximate ultimately to any given law of force, by pro- 
perly determining the ratio G ; F. Hence, knowing the law 
of force, we may determine that ratio. And, when P comes 
to an apse, p also does ; hence, knowing 6 : P, we determine 
the. fingle between the apsides of p*s orbit. The ultimate 
proportion of the terms expressing the law of force is found 
]}j putting T — a? for Cjp, (3^ being the apsidal distance Cp), 
and then making w to vanish. 

Ex. 1. Let the central force be uniform. It therefore is 

Co* 
as -^: But by Cor. 2, Art. 52, it is as 

F'.Cp + i(^''F').^L 
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Hence these two quantities must vary as each other; or, 
putting T — « for Cpf and comparing the numerators, 

F*.(T-a;) + ((?-^).iZ is as (T-^)*; that is, 

F^.T^ijC? -F^.\L-F^w is as T» - 3 7*j? + &c., 

or as a; + &c., or as — '- F*w + &c. 

S S 

But, since the variable terms are ultimately equal, ]this cannot 
be the case, ultimately, when x is very small, except the 
constant terms be equal. Therefore, 

And idtimately, when the orbit becomes a circle, ^ i^ is equal 

F^ G 1 
to r, and G* « — or -- 



3 F y/S 

Hence, the angle between the apsides of p\ orbit is 

= 103® 55 23 '. 



y/S 



Ex. 2. Let the central force vary as (Cp)*'' or -— . 

Hence» making Cp^T -w as before, and comparing the 
numerators of the forces, 

iP'(T-^) + (C?--P)ii is as (r-o?)", or as 7*- « 7^-^07+ &c. 
or F*r+(G*-F*)ii-F'^as jP»a? + &c. 

whence F'T + (G» ^ i^)^^ « -^ , 

and ultimately, when \L^ T, 

'^B^G 1 

n F ^/n 
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Thus* if the force vary inrersely as the distance, or as 

--—, this is as -^t-jj *"^d » = 2. Hence, -= = —7=, and 
Cp Cf F ^^ 

the angle between the apsides of p^s orbit is ultimately 

—y- = 127^ 18 45": 

V ^ 

and a body acted on by such a force would ultimately, when 
the orbit was nearly circular, come alternately to a higher 
and lower apse, distant from each other by this angle. 

If n = ^ , so that the force is as j or — ^ > T^ = ^> 

and the ultimate angle between the apsides of Cp^s orbit is 
2 X 180^ as 360®; and the body would employ a complete revo- 
lution in descending from the higher to the lower apse; and 
again, a complete revolution in reascending to the higher, 
and so on. 

Ex. 3. Let the force be as 6 . Cj/^'^ + c . Cp*'\ Hence 
the numerators are 

J^(r-^) + (G'-f')|i: and 6{r-^)'» + c(r-a?)% 

or F*T+(C?-jP^^i:-F*a? 
is as 5 (r* -mT^'^of + &c.) + c(T* -nT^'^w + &c.), 
or as 6r'" + c7^-(f»6T*"-^ + nT*-*)a?+&c. 

Multiply the first side by w6T*"^ + ncT*""S the second 
by J^5 and the terms involving <v will be equal. Therefore 
the first terms must ultimately be so; and observing that 

ultimately j^ L^ T, we have 

• 

(m 6 T* + n c T*») 6? « (6 T* + c r-) i^, 



i-v- 



6T"" + wc7"* 



F ^ mbT'^^ncT^ 
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If we take T for the unit of linear distance, h atnd c will be 
the values, at the apse F, of the two parts of the force which 
Yftry according to the indices tn - 3 and n - 3. In this case 



F ^ mh-^nc 



and the angle between the apsides of p^s orbit is 



180' _, 

mo -\-nc 

And in like manner, if e were negative, it would be 

180® 



x/-'-° 



mb'-nc 

Cob. 1. Hence, if the angle between the apsides be known, 
we can find the power of the distance according Jto which the 
force varies ultimately, in approaching the circular form of the 
orbit. If the angle from either apse to the same apse again be 
m * sGcPj we shall have the force as 

4-8 1 

Cp^ , or as 



8-Z3 



cp 

Hence, when the orbit has two apsides, the force cannot 
decrease in a higher inverse ratio than the cube. For in that 
case the angle between the apsides would be impossible. When 
the force varies in a higher inverse ratio than the cube, if the 
body proceed from an apse, and the distance increase at first, 
the body will go off to an infinite distance. If the distance 
diminish at first, the body will fall into the centre. 

But if the force vary in a lower inverse ratio than the cube, 
or in a direct ratio, the body proceeding from an apse (as a 
higher apse), will come to another (as a lower,) and conversely. 

And the smaller the angle described before' meeting the 
second apse, the further does the law of force recede from the 
inverse cube, and vice versd. 
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Thus, if the body move from the higher to the lower apse 
in revolutions 8, 4, 2, l^y the force will vary as 

1111 

r, , 1 9 — —4 respectively. 



Cp''' Cp''' Cp^' Cp' 

If the body return to an apse at the end of every half 

revolution, wia= 1, force oc — -r. 

Cp* 

If the body return to the same apse in ^, f , ^, ^ of 
a revolution, the force varies as 

1 1 

^, — — ,, Cp*"% Cp^«-» respectively; 



Cp~ Cp'' 

or as jT, -,, CpS Cp^. 

Cp' Cp" 

,- , , . 1 * ^^ ^63 121 

If the body return to the same apse m 3oS®, m « --- = . 

^ ^360 120 

Hence, the force i& as 

1 1 1 

the force decreases very nearly a& the square of the distance ; 
the ratio being a little higher. 

C.0B« 2» Hence^ if a body revolving in an ellipse by a 
force in the focus, varying inversely as the square of the 
distanee, be a£Pected also by an extraneous force, we can 
find the motion of the apsides by Ex. 5. 

Thus^ let the extraneous force be as the distance, and 
«c.Cjp, the principal force being —-5. Then, in. Ex. 3, 

6 = 1, w = 1, /» = 4, 
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Hence, the angle from higher to lower apse is 



180 



\/ y T being 1. 

^ 1 -4c ^ 



Suppose that at the apse where Ta^ i, the extraneous 

100 

force is of the principal force. Then the anirle 

35745 r r 6 

= 180 \/ = 180.7623 = 180^ 45' 44", 

^ 353^5 

Hence, a revolution from an apse to the same apse would 
occupy 36l^ 3l' 28"; and in a revolution the apse itself 
advances 1® 3l' 28". 

The above fraction expresses nearly the proportion 

of the radial disturbing force which acts upon the Moon. 
But the motion of the Moon^s apse is nearly 3^, or double 
that above found. The difference arises from the action of 
the transverse disturbing force, which also affects the motion 
of the apse, in the case of the Moon^s orbit. 



CHAP. IV. 



ON THE MOTION OF SEVERAL POINTS. 



54. We have hitherto investigated the motions of bodies 
attracted towards fixed centres. Such however is not the kind 
of attraction which we generally find in nature. In the systems 
to which we have mainly to apply our dynamical reascNiings, 
the attractions which operate upon some of the moving bodies 
are directed towards other bodies; and these are themselves 
in motion. The actions which two bodies exercise upon each 
other are mutual and equal, and the attracting body is thus 
acted upon by the same force (that is the same pressure) as 
the body attracted. Thus both move; and the effect of this 
mutual action is, as will be seen, to make them move about 
their common centre of gravity. If there be several bodies, 
which either all attract and are attracted by a single body, 
or all attract each other, these also will move in such a manner 
that the common centre of gravity will either remain at rest 
or move uniformly in a straight line. We shall now consider 
the cases of such motions. 

We shall in the first place investigate some of the most 
important cases of the motion of several bodies, by methods 
independent of the general rectangular equations of motion. 
Such modes of investigation are in some respects simpler than 
those derived from the general equations; and they were 
originally employed by Newton to deduce the laws and values 
of some of the largest perturbations arising from the mutual 
attractions of the bodies of the solar system. The general 
analytical method is required for a more exact calculation of 
the perturbations; and we shall point out the preparatory 
steps of this application of the formulae given in the pre- 
ceding part of the work. 
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The accelerating forces on two bodies rising from their 
mutual action are inversely as the masses of the bodies. 

For if M be the mutual action or pressure which urges 
the two bodies towards each other, T, P the bodies, by the 

third law of motion the accelerating forces are as — , — , 

that is, inversely as T : P. 

The accelerating force of a body T on another body P is 
independent of the mass of P. For if a body T exert a 
certain accelerating force upon a particle p, it will exert an 
equal accelerating force on another equal particle p' \ and 
therefore if we suppose p and p to be joined, the accelerating 
force on p + p\ or 2p will still be the same ; and similarly 
for Spj ^p,.,npy whatever be n. 

Hence the moving force of a given body T on P at a 
given distance is proportional to Pi for the moving force 
is as P'^s accelerating force. 

Sect. /. The Motion of two Bodies. 

55. Peop. If two bodies movcy acted on by their 
mutual attraction^ the centre of gravity will either remain 
at rest or move uniformly in a straight line. 

Case. 1. Fig. 152, Let the centre of gravity C be at 
rest at any moment. Let 3/, iV; P, S\ be the positions of 
the bodies at proximate successive times ; then 

CS : CP :: P : S :: CN : CM, 

therefore, MCP^ NCQ are similar figures, and MP is ulti- 
mately parallel to NQ. Also the velocities at 3f, N are as 
MPj NSf or as C-W, CN, And in the next small interval of 
time the bodies would go on describing, with these velocities, 
PR = PMy and SV = SN, which also would be as CM and 
CN. But the mutual attraction acts towards C, and draws 
the bodies through spaces UQ, V'J\ proportional to the accele- 

M M 

rating forces ; that is, to -— and — , or to aS and P, or to 

N 
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CM, CN. Therefore, the figures CPRQ, CSVT, will still 
be similar, and 

CQ : CT :: CM : CN :: S : P; 

and C will be the centre of gravity, when the bodies come to 
Q, 7\ and therefore this centre is still at rest. And in like 
manner it might be shewn to be at rest after any number 
of such intervals. And when the number of such intervals 
is increased and their magnitude diminished indefinitely, the 
motion so represented approximates indefinitely to the real 
curvilinear motion of the bodies. Therefore in this motion 
the centre of gravity will be at rest. 

Case 2. If the centre of gravity be in motion, we may 
suppose the whole space in which the bodies are, to have a 
motion given it in a direction opposite to that in which the 
centre of gravity moves, and with an equal velocity. This 
new motion will not affect the forces and relative motions 
of the bodies, as appears by the second law of motion. But 
this supposition will reduce the centre of gravity to absolute 
rest ; and therefore the proof of the first law is here applicable. 

Cor. The motion of each body about the centre of 
gravity is similar to the relative motion of each body about 
the other. (Newton, Book I. Prop, lvii.) 

For the distance of each body from the other is always 
in a given ratio to its distance from the centre of gravity. 
And the direction of each body from the other is always 
in the same line as the direction of the first from the centre 
of gravity. Hence the curve which each describes about 
the other, is similar to the curve which it describes about 
the centre of gravity ; and the motion in this curve also 
similar to the motion about the centre of gravity. 

(Newton, Book I. Prop, lviii.) 

66. Peop. If two bodies attract each other, and revolve 
about their centre of gravity , so that each describes a relative 
orbit about the other ; if one of them be supposed to become 
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fisaed and emert the same force as before^ and the other re- 
volve about it ; the last may he made to describe an absolute 
orbit similar and equal to the relative orbit of the former 
supposition. 

Fig. 152. Let the bodies *?, P revolve about the centre 
of gravity C, going from S to T and from P to Q. Let 
sp, sq be taken parallel and equal to SP^ TQ\ then the 
curve pq will be similar to PQ, and equal to the corres- 
ponding part of the relative orbit of P about S. 

Let there be placed in s and p^ bodies similar and equal 
to S and P respectively, and let s be fixed and p revolve about 
it. Also let PJJ, pr be tangents to the curves in P and j», 
QR^ qr subtenses parallel to PS^ ps. Since the two figures 
are similar, we shall have 

QR : qr :: CP : sp :: CP 'SP :: S : S + P. 

Let T be the time of describing PQ, and t the time of de- 
scribing pq. The forces which act on P, p are equal, being 
in both cases the mutual attraction of S and P. Hence the 
effects of the forces are as the squares of the times (Lemma x), 
and their effects are QiZ, qr^ (by the second law of motion). 
Therefore, 

:: QR : qr :: S : S-^P; T : t :: \/~S : y/S+P, 



r« 



PQ pq PQ T 

Hence vel. of P : vel. of p :: 7;^ : --- :: : — 

1 t pq t 

CP T S ^S 

sp 



i--sTp'--:^p'--^'-^'^''- 



And if P and p move so that this proportion of the velocities 
obtains, they will arrive at Q, q in the times T, ^, having 
moved in a similar manner. They will therefore at Q^ q have 
velocities in the same proportion as before ; and will go on 
again describing similar arcs, in times which are in the ratio 

y/S : y/ S -\- P; and so on perpetually. Therefore the orbit 
of p round s will be described in a manner similar to that in 
which the relative orbit of P round S is described. 
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CoE. 1. Hence if two bodies attract each other Mritb forces 
varying directly as the distance, the bodies will describe about 
the centre of gravity and about each other, dlipses, of which 
those points are the centres : and conversely, if such figures are 
described, the forces vary directly as the distances. 

Com. 2, And two bodies which attract each other with 
forces varying inversely as the square of the distance, describe 
about their centre of gravity, and about each other, conic sec 
tions, of which those points are the foci : and conversely if 
such orbits are described, the forces vary inversely as the 
square of the distance. 

Cob. 3. Any two bodies which revolve about their com* 
mon centre of gravity by their mutual attraction, describe 
about that centre and about each other areas which are pro- 
portional to the times. 

(Newton, Book I. Prop, lix.) 

57. Prop. In the last Propositiorij the periodic time in 
the absolute orbit of P round S, is to the periodic time of 
P or S round C in the ratio \/S + P : ^S. 

For by the last Proposition this is the ratio of the time of 
describing similar arcs ; and therefore of describing the whole 
orbits. 

CoE. 1. Suppose two systems of two bodies, Sy P and 
2\ Q, describing similar orbits; and let the attractive forces 
of aS on P and T on Q be as the masses of S and T, and in- 
versely as the square of the distance. 

Let p and q be the periodic times of P, S^ and of Q, T, 
round their centres of gravity respectively. Then the periodic 
time of P round S at rest, at the same distance as before, is 

p -- — y^ by this Proposition; ai^ ^imil^rly g ■ . . ■ ^ la 

the period of Q round T at rest. But in the similar orbits the 
forces are as homologous lines directly and the square of the 
period inversely, (Introd. Prop. iv. Cor. 8.) Hence, we have 
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force of iS^at distance SP : force of T at distance TQ :: 

SP S TQ T 

p* s + p ' (f r+Q' 

Or, since S and T are as the absolute attractive forces of S 
and T; 

S T SP S TQ T 



SP* TQ* " p'' S + P ' q' T+Q' 

. , . SP' T(f 

whence p '• ^ - 77 



2 
2 • 



S+P T+Q 
Cor. 2. If T revolve round S and Q round Ty we have 

T+Q ST" p 

(Newton, Book I. Prop, lx.) 

68. Pbop. The force varying inversely as the square 
of the distance^ it is required to compare the major aans 
of P's relative orbit round S in motion, with the major aans 
of the ellipse in which P might revolve round S at rest, m 
the same periodic time. 

Let P^ revolve round S at rest, in the same time in which 
P revolves round S in motion ; then by Prop. xv. Introd. 

Major axis of P"« orbit : major axis of P*s orbit 

:: (Period)* of P' : (Period)i of P round S ; 

(by hyp.) :: (Period)* of P round C : (Period)i of P round *!? ; 
(by last Prop.) 

:: Si : (S + P)i. 

(Newton, Book I. Prop, lxi.) 

69. Prop. Two bodies attracting each other with any 
forceSf it is required to find, for each of them^ the body 
which must be placed in the centre of gravity , so that, attract^ 
ing by the same law, it may produce the same effect. 
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Let the force vary directly as the attracting body, and in- 
versely as any power of the distance. Then the force of S on 

P is — - , n being the index of the power. Let JT be the 

body which must be placed in the centre of gravity C to produce 
the effect which S produces in P. Then 



\sp) \s+p) (s+py 



CF- SP*' SP' \SP) \S+P/ (S+P) 

In like manner if Y be the body which will produce on S the 

pn + I 

effect which P produces, Y = — — =- . 

I 

CoE. 1. If the force vary inversely as the square of the 
distance, the bodies will be respectively — — =— , 



(aS+P)'' (S^P) 



«• 



CoR. 2. If the force vary directly as the distance, the 
body to be placed in ChS -\- P for each of the bodies S and P. 

(Newton, Book I. Pkop. lxiii.) 

60. Peop. Two bodies attract each other with forces 
which vary inversely as the square of the distcmcei^ and set 
out with given velocities in given directions : it is required to 
determine their motions. 

Fig. 153. Let 3f, N be the original positions of the 
bodies, JfQ, NT their velocities, B their centre of gravity. 
Let TC : CQ :: NB : BM; therefore C is the centre of 
gravity of the bodies when they are at T, Q, and BC is the 
velocity of the centre of gravity at first ; and therefore always, 
because by Art. 55, the centre of gravity is either at rest, or 
moves in a straight line and uniformly. 

Draw PS parallel to MN; MP, NS parallel to BC 
Then PQ, ST are the velocities of P and S about C; for the 
velocity MQ is equivalent to MP, PQ ; and the velocity NT 
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is equivalent to JVaS, ST-^ and of these, AfP, NS are the 
velocities arising from the motion of the centre of gravity, and 
the remaining parts PQ^ ST are the motions about the centre 
of gravity. 

The body S produces upon P the same effect as a body 
placed at C. Hence if we suppose such a body fixed 



{s + py 

at C, and suppose the body P to set out about this fixed body, 
with the velocity PQy we may find the orbit described by P 
about C by Prop. xvii. of the Introduction. And in like 
manner we may proceed for S* And compounding the motion 
thus found with that of the centre of gravity C, we have the 
whole motion of C and S in absolute space. 

Sect. II, Problem of Three or more Bodies. 

(Newton, Book I. Prop, lxiv.) 

61. . Prop. If several bodies attract each other with 
forces varying as their masses and directly as the distance ; 
it is required to determine their motions. 

Fig. 154. First, let there be two bodies T, L, of which 
D is the common centre of gravity : by Art. 56, Cor. 1. these 
bodies will describe ellipses having their centre in 2>, and will 
move as if a body T + L were placed in JO, exerting a force 
(y + L) X distance. Art. 59. Cor. 2. 

Next, let a body S attract T and L, and let S and the 
line TL have any relative motions. S attracts T and L with 
forces which are as S. ST and S . SL respectively. The first 
of these is equivalent to S • TD and S . DS, the second to 
S . LD and S . DS. Therefore T is acted on by forces S . TD 
and (r + Z) . TD tending to 2>, that is by a force (S + T + L) 
TD tending to D. In like manner L is acted on by a force 
{S + T + L) LD tending to D. Also the equal and parallel 
forces S . DS on T and S . DS on L will not effect the relative 
motions of T and L. Therefore T and L will revolve abont D 
as if a force (S -f T + L) x distance resided in that point. 
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Let C be the centre of gravity of aS, T, Li then 

and tYieveiore S .SD ^ S , SC -^ S .DC ^ {S ^ T ^ L) DC 

Hence, the force S . SD which acts on T parallel to DC is 
{S -\-T+L) DC : and this compounded with {S-k-T -\-L) TD 
in the direction 77>, gives a resultant {S -\- T + L) TC ; and 
therefore T is attracted towards C as if there were at C a force 
(S + T + L) X distance. In like manner L and S are attracted 
towards C as if there were at that point a force (iS -h T -\- L) 
X distance. 

Therefore T and L will describe about JO, and T^ L and 
S about C, ellipses having those points for their centres ; and 
the periodic times in all these ellipses will be equal. 

And the same might be proved if there were a greater 
number of bodies. 

Cob. 1. In a system of any number of bodies, each 
describes about any other, and about the centre of gravity 
of itself and any others, ellipses about a centre ; and the 
periodic times in all these ellipses are equal. 

Cob. 2. In such a system, there will be no Perturbations; 
for all the bodies describe ellipses accurately. Also at the end 
of the periodic time the cycle of the changes of configuration is 
complete, and every one of the bodies returns to the position 
which it had at the beginning of the revolution. 

62. In the preceding case the motions are accurately ellip- 
tical. But if the force do not vary directly as the distance, we 
cannot have accurate elliptical motion in a system of several 
bodies mutually attracting each other, except with certain pecu- 
liar relations of distance, &c. hereafter to be discussed. There 
are however some general cases in which the motions of several 
bodies, attracting each other with forces which vary inversdy 
as the squares of the distances, will not much deviate from 
elliptical motion. (Newton, Book I. Prop, lxv.) 
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Case I. Let several small bodies revolve about one much 
larger, at various distances ; (as in the instance of the planets 
revolving about the sun.) Then the centre of gravity of the 
whole system will be very near the centre of gravity of the 
large body; and therefore the centre of the large body will 
either rest, or move uniformly in a straight line very nearly* 
The other bodies will revolve about the largest in ellipses or 
circles nearly, describing about* it areas proportional to the 
times, except so far as errors occur, either from the deviation 
of the large body from the common centre of gravity, or 
from the mutual action of the bodies on each other. And by 
diminishing the smaller bodies, these errors may be diminished 
without limit. 

Case 2. Let several small bodies revolve about a larger 
one, and let this system move transversely, acted upon by the 
attraction of a very much larger body, at a very great distance: 
{as in the instance of a planet with its satellites moving round 
the sun.) Then, since equal and parallel accelerating forces, 
acting upon the different points of a system, do not change the 
relative motions of the parts of the system, it is manifest that 
the action of the largest and distant body will not affect the 
relative motions of the smaller bodies, except in so far as it 
exercises unequal attractions upon the different bodies, or at- 
tractions in lines not parallel. Hence, if we suppose the largest 
body to be so distant that the differences, and the mutual incli- 
nation, of all lines drawn from it to different parts of the system 
of smaller bodies, may be neglected, the motions of this system 
will go on, with no errors, except such as may be neglected. 
The whole system will be attracted by the distant one, as if 
it were one body ; and it will describe about the distant body 
an orbit determined by the velocity of the system and the 
attraction of the distant body, according to the preceding pro- 
positions.' 

In this case, the disturbance of the motions of the smaller 
bodies by the largest will be less, if they are all attracted 
^ually at equal distances from the largest, than if, at equal 
distances, spme^re attracted more and others less. 

O 
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For if one (P) be attracted more than the others, take 
aWay that part of the attraction which is common to that one 
(P) and to the others, and which (by the second Law of motion) 
does not disturb the relative motions. Then there remains a 
force which disturbs P^s relative motion, beside the disturbing 
forces arising out of the difference of distances of the different 
bodies from the largest body, and out of the mutual in- 
clination of lines drawn to the distant body. Therefore the 
disturbance in this supposition is greater than on the other. 

When the smaller bodies are aU equally attracted, at equal 
distances, by the large and distant one, the deviations from 
regularity in their motions are small, and may be calculated. 
We shall first describe in a general manner, the nature of the 
perturbations thus occurring, and then explain how some of 
them may be calculated as to their law and quantity. 

(Newton, Book I. Prop, lxvi.) 

63. Prop. To ewplain the' principal perturbations in 
the motion of a system of three bodies attracting each other 
with forces varying inversely as the square of the distance. , 

Fig. 155. Let a body P revolve about a larger body 7*, 
by their mutual attraction ; and let another body S attract 
both T and P. 

First, let STP be the plane of P's motion. 

Let ST represent the accelerating force of S on T; 

then the accelerating force of aS on P at the same distance 

will also be represented by ST; and the accelerating force of 

ST^ 
S on P at P will be ST . —— : take SL equal to this. Then 

SL represents the force of aS on P; and LM being drawn 
parallel to PT, the force SL may be resolved into forces 
LM, MS. 

The body P is acted oh by three forces : 1st, the attraction 
of T in the line PT, which varies inversely as the square ^f 
PT; 2d, the force LJf, also in the direction PT, but varying 
according to someothei* law than the inverse square of the 
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distance; 3d, the force MS which acts at P parallel to TS- 
The force MS is equivalent to MT, TS. If the two bodied 
P and T were acted upon by equal and parallel forces TS9 
TSf their relative motions would not be disturbed. Hence, 
the only forces which aflFect the relative motions of P and T 
are the attraction of T on P, and the forces LM9 MT. The 
former would cause P to describe an ellipse about 7 as a focus; 
the latter two forces tend to disturb this elliptical motion. 
The elliptical motion is disturbed on two accounts. The addi* 
tion of the force LJf to the attraction of T on P, causes the 
law of the force to differ from the inverse square of the distance ; 
and the force MT^ compared with the force in PT, causes the 
directum of the force to differ from the direction PT^ which 
tends to the central body T, 

Next, let the plane of the motion of P round T be in- 
clined to the plane ST P. 

The forces may be represented and resolved as before. 
The force ZJf, which acts always in the line PT, will not 
disturb the plane of P's motion. But the other force MT^ 
acting at P, parallel to TS^ will be inclined to the plane of P's 
motion. Hence, the force MT will tend to draw P from the 
plane of its motion, and will therefore disturb the plane of the 
orbit. 

If we use the language of Astronomy, the intersection 
of the plane of the orbit with a given plane passing through 
8 and T (the ecliptic) ^ is called the line of nodes. The mo- 
tion of P, projected upon the given plane, is called the motion 
in longitude; the motion of.P, perpendicular to the given 
plane, is called the motion in latitude. 

When the body P (referred to the given plane if necessary) 
is in the line ST^ (as at A or jB), the body P is said to be 
in syxygy, and the line SATB is called the line of syzygy. 

When the body P (referred to the given plane if necessary) 
is in the line C2>, perpendicular to ST^ (as at C or 2>), the 
body P is said to be in quadrature, and CD is called the line 
of quadrature. 
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It appears from what has been said, that the forces LM^ 
MT^ will both produce errors in the motion in longitude; 
and that the force MT^ will produce errors in the motion in 
latitude, except the line of nodes coincide with the line of 

syzygy- 

When SP is less than ST^ SL will be greater than SP, 
and the force MT will tend towards S. But when SP is less 
than ST, as Sp, SI will be less than Sp^ and the force m T 
will tend from S^ 

CoE, 1. If the system T, P, revolve about a large and 
distant body «9, (as in the case of the earth and moon re- 
volving round the sun), the preceding reasonings are appli- 
cable to explain the perturbations of P's elliptical motion 
round T, 

We shall, in the following Corollaries, trace the prin- 
cipal inequalities which would affect the motion of P in such a 
case, and shall point out the correspondence of these pertur- 
bations with the ascertained inequalities of the moon'^s motion. 



Variation. 

(>4!. CoE, 2. The force MT, during the motion of the 
body P from C to A, tends in consequential that is, to the side 
towards which the body is moving. Hence, it will cause 
the body to move further on that side than it would have 
done if no such force had acted. But if no such force had 
acted, the areas in equal times would have been equal ; there- 
fore, by the action of this force, the areas in succeeding times 
will always be greater than in the equal preceding times; 
and the description of areas is accelerated during the motion 
of the body P from C to A. 

During the motion of the body from A to 2>, the force MT 
tends in antecedentia, or to the side from which the body P is 
moving. Hence, it will cause the body to move less far on the 
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aide towards which it is moving, than if there had been no 
such force; that is, the areas in succeeding times will al- 
ways be smaUer than in equal preceding times : the descrip- 
tion of areas is retarded during the motion of the body P 
from A to D. 

In like manner, it will appear that the description of areas 
is accelerated during the motion of P from D to jS, and re^ 
tarded during the motion from B to C. 

Hence, the body P will describe areas quickest about the 
points 'of syzygy, A^ B, and slowest about the points of 
quadrature C, D. 

Cob. 3. If the orbit of P, independent of the disturbance, 
be a circle, the velocity in it is uniform : and hence, in order 
that the areas may be described quicker at A and B and slower 
at C and 2>, the velocity of P must be greater at A and B 
and smaller at C and D. 

Cob. 4. The orbit of P (supposing the undisturbed orbit 
to be circular) will be more curved at the quadratures than at 
the syzygies. For the force being the same, the curvature is 
smaller as the velocity is greater. (Introd. Prop, iv.) And 
therefore on this account the curvature is least at syzygies 
and greatest at quadratures, by last Corollary. Also, the 
force at quadratures is increased by the force ZJf, (MT in 
this case vanishing or becoming very small;) and the force 
at syzygies is diminished by MT - ML, {LM in this case 
coinciding with MT in direction;) therefore, the force is 
greater at quadratures, and will produce a greater deflexion ; 
and less at syzygies, and will produce a less deflexion. And 
on this account also, the curvature at syzygies is less than the 
curvature at quadratures. 

Cob. 5. Hence, P will recede to a greater distance from 
T at quadratures than at syzygies ; for the orbit must assume 
an oval form, the greatest curvature at C and Z>, being at 
the ends of the greatest diameter. 
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This is true only on the supposition that the undisturbed 
orbit is a circle. 

If we calculate the motion of P by the equations of motion, 
we obtain for the moon's parallax (which is the reciprocal of 
its distance) a series of terms depending on various angles. 
One of the principal of these terms is 

m*cos. {(2 - 9,m)e - 2)3} : 

in which is the moon's longitude, and mO + (i the sun's. 
This terra is greatest when P is in syzygies, and least when P 
is in quadratures, and thus the changes of the distance cor- 
respond with the form of the orbit described in Cor. 5. See 
Airifa Lunar Theory, Art. 62. 

The error in longitude arising from the acceleration of 
areas (Cor. 2.) is as sin. 2 (moon's mean longitude — sun's mean 
longitude) vanishing at quadratures and syzygies, and being 
the greatest in the octants^ or points which are at the distance 
of 45® from syzygy. The error in longitude arising from the 
oval form of the orbit (Cor. 5.) is also proportional to the 
same sine. Therefore the whole error in longitude arising 
from the disturbances described in the la^t four corollaries will 
be proportional to sin. 2 (moon's mean longitude — sun's mean 
longitude). This error or inequality is, in the case of the 
moon, called the Variation. See Airy'a Lunar Theory, Art. 64-., 

Annual Equation. 

« 

65. Cor. 6. The force of the body T on P, by which P is 
retained in its orbit, is increased in quadratures by the addition, 
of the force LM, and diminished in syzygy by the subtraction., 
of the force MT — MLy and is on the whole more diminished 
than increased. And this total diminution of the mean central; 
force is greater when the influence of S is increased, as for 
instance, if S approach nearer to T: and if S alternately 
approach nearer to T and recede farther from T, the total 
diminution of the mean central force will b^ alternately greater, 
and less. ■ ' ^ 
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The mean central force of T being diminished, the body 
P will recede further from the centre T \ and since J' is as 

— (Introd. Prop, iv.) P is as \/ — and the periodic time P 

will be increased both by the increase of R and the diminution 
ofF. 

If the system T, P, revolve in an elliptical orbit about S^ 
(as the earth and moon revolve about the sun,) S being alter- 
nately at its least and greatest distances, (in perigee and apo- 
gee,) we have alternately P's orbit dilated with a retarded 
motion of P, and P's orbit contracted with an accelerated 
motion of P. Hence we have an error in P's longitude pro- 
duced, which vanishes when .S is in apogee and perigee, and 
is proportional to the sine of the distance from the perigee. 

In the expression for the moon^s longitude {Airy^ L. T. 
Art. 64.) we have the term - 3?we'sin.(fw^/ + /3 — ^), where 
e is the eccentricity of the sun'*s apparent orbit, mpt + /3 the 
sun^s mean longitude, and ^ the longitude of the sun^s perigee. 
This term corresponds to the error in longitude arising from 
the disturbance described in Cor. 6. and is called the Annual 
Equation' 



Progression of the Apsides. 

66. CoE. 7. If -^= represents the force of S on T, we 
shall have 

force SL^^p, force LM= -^^ , force ilf y = -^p- - ^^. 

And when the body S is very distant, compared with TP, 
LM^ PT very nearly, and SP = ST- TK, PK being per- 
pendicular to ST \ hence 

f 

,,«. S.ST S SS.TK 

^""'"^ ^^ =- (ST - TKy -ST^ — sr" 
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S 1 

Let —— = 6, -=rzz\ beinff the force of T on P, Then at 

quadratures the force added to the attraction of T on P is 

as PTi and the whole force is as — — + h . TP- At syzygies 

the force subtracted is as sAT — AT or as 9,AT^ and the 
whole force is as 

1 



jrpl 



'2b. TP. 



Hence, by Art. 53^ Cor. 1, in the neighbourhood of quadra- 
tures the apsides regress ; but in the neighbourhood of syzygies, 
the apsides progress ; and on the whole the progression exceeds 
the regression, because the force subtracted, — 26. TP is double 
the force added, b . TP, and on the whole the apse proceeds 
in consequentia. 

In the expression for the moon^s parallax, the first and 
greatest inequality is e cos. (c0 -- a), (Airy, L. T. Art. 6l) 
which shews that the moon moves in an elliptical orbit, of 
which the apse moves with a velocity which is to the moon's 
angular velocity as 1 — c : 1 . 

The motion of the apse of the orbit of a satellite, so far 
as it depends on the part of the disturbing force which acts 
in the direction of the radius PT, may be calculated by finding 
the mean value of this disturbing force (which we shall do 
hereafter) and by applying the reasoning of Section 9, Chap. iii. 
But by this method we do not take account of the effect of 
that part of the disturbing force which is not in the direction 
PT. In the case of the moon, this omission prevents the 
result calculated by Sect. 9* Chap, iii, from being an approxi- 
mation : it is only about half the true value. But in other 
cases, as in that of the satellites of Jupiter, the method of 
the 9th Section would be applicable as an approximation. 
The difference depends upon m, the ratio of the mean motion 
of the satellite (P) round the primary (T) to the mean motion 
of the primary (7^ round the sun (S) : m for the moon is 

— ; for Jupiter's outermost satellite it is — r- . 
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EVECTION. 

67* Cor. 8. The progression of the apsides takes place 
in consequence of the deviation of the law of force from the 
inverse square of the distance; and the rate of progression 
is different with different forms and values of this deviation. 
Now the deviation of force from the law of the inverse square 
of the distance, produced by the disturbing forces, is different 
in the different positions of the line of the apsides. Thus, if 
p, g, T be the least, greatest, and mean distances of P from T, 
then, when the line of apsides is in syzygy, the forces at these 
distances will be respectively 

but when the line of apsides is in quadratures, the three 
values of the force will be 

and therefore in these different cases the motion of the apse 
will be different. In the former it will progress, and its motion 
will be more rapid than the mean ; in the latter case it will 
regress, but the motion will be slower, the deviation from the 
law of the inverse square being in this case less than in the 
other. And this rapid progress of the apse will take place 
so long as the apse is in the neighbourhood of the syzygy, 
and the slower regress so long as the apse is in the neigh- 
bourhood of quadrature. And these periods will be consider- 
able, for the apse is about a quarter of a year in moving from 
quadrature to syzygy. Hence this irregularity in the motion 
of the apse, so long continued, will give rise to a very con- 
siderable error in the place of P. The error thus produced 
is much the greatest of those arising from the disturbing 
forces. 

Let a be the longitude of the moon's perigee, supposing 
its motion not disturbed ; /3 the longitude of the sun. Then 

P 
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it appears (Airy^ L. T. Art. 66,) that the longitude of the 
moon^'s perigee, in order to account for the greatest inequality 

of her motion, must be a sin.2(a — )3). Hence if Sa 

o 

and £/3 be the increase of a and /3 in any time, the true 
motion of the perigee in that time will be 

1 ^ AM 

5a (5a - 5/3) co8.2(o - /3). 

4 

Now in one revolution of the moon, the perigee advances a 

little more than 3®, or — of the circumference nearly ; in 

118 -^ 

the same time the sun^s longitude increases — of a circum- 
ference nearly. Therefore^ 5/3 : Sa :: 118 : 13 :: 9 : 1, 
nearly. And hence, the true motion of the perigee is 

5a { 1 + SOm COS.2 (a - )3) } , 

When the perigee is in quadrature, a-)3, or /3 — a=! — , 

and the true motion is 

1 17 

5a(l-30m); or, since m « — , it is --5a — : 
^ ^ 13 13 

and is therefore retrograde. 

At the next octants a — )3 = - , and the motion of the 

4 

perigee is 5a, its mean motion. 

At syzygy, a - /3 = 0, 

43 

motion of the perigee = 5a(l + 30m) « 5a — ; 

13 

it is positive, and more than three times the mean motion. 
The perigee is stationary for a moment 

when 1 + 80wcos.2(a -/3) «=0, 
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^ IS 

or COS. 2 (a - i3) = = = - ,4333 &c., 

^ ^^ 30m SO 

whence 2(a - jS) == 115"^ 40, a - )3 = 57® 50'; 

of which the complement is 32** lO'. 

Hence when the perigee is in quadrature^ it regresses, till, 
by the apparent motion of the sun, combined with its own 
motion, it is 32^ lO' from quadrature. It then begins to pro- 
gress, and continues to do so through the syzygyj and till the 
sun is 57® 50' beyond: after this the perigee again regresses 
till the sun is beyond the next quadrature: and so on. 

The perigee is in its mean place at syzygy ; it advances 
before the mean place more and more till the octant, after 
which it begins to diminish its speed : at quadrature it has 
fallen back to its mean place, and it falls behind this mean 
place more and more to the next octants; and so on» 

CoE. 9. If, when a body is revolving in an ellipse, by 
means of a force varying inversely as the square of the distance, 
the force be made to vary in a higher inverse ratio than this, 
by the addition of some other force as the body approaches the 
centre, it is clear that the body will be drawn nearer to the 
centre than it would otherwise have been, and the excentri- 
city will be increased. And if in the recess of the body from 
the centre, the force diminish in a more rapid proportion than 
that in which it had increased, the body will recede farther 
from the centre than it would otherwise have done, and the 
excentricity will be again increased. If therefore the ratio 
of the force at the lower apse to that at the higher apse go 
on increasing for several revolutions, the excentricity will 
during those revolutions perpetually increase : and vice versdy 
if that ratio diminish, the excentricity will diminish. 

Now the ratio of the force at the lower to that at the 
higher apside, if p and q be the least and greatest apsidal 
distances, is 
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with the apsides in quadratures 

— + bp 
P' 

with the apsides in syzygies 

P 

1 
--269 

9 



o""' 3 



9* 1 +6p' J 9* ^ -Zbfi 



f l+b<f* p* l-ib<f' 



or since b is small, 

t{l,h(<f-p^)] and ^{i+aiC^-p")!, 

nearly; of which the latter is the greater; and hence, the 
ratio goes on increasing from the former to the latter period. 
Therefore the excentricity goes on increasing from the time of 
the apsides being in quadratures, to the time of their being 
in syzygies ; and vice versdf the excentricity diminishes from 
the syzygy to the quadrature of the apsides. 

Let, as before, a be the longitude of the moon's perigee, 
)3 the longitude of the sun, e the mean excentricity of the 
moon's orbit; then the true excentricity will be 

15 
e { 1 + — m COS.2 (a - i3) } ; Mryy L. T. Art. 66. 

o 

IT 

Hence when the perigee is in quadrature or a — /3 = — , the 

15 
eccentricity = c { 1 m} its least value ; when the perigee 

comes into octants, a - /3 = — , and the excentricity = e itg 
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mean value : at syzygy the eccentricity -sell h m] which 

is the greatest value. And this agrees with the corollary. 

Construction^ (Newton, Vol. iii. p. 528,) 

Fig. 156. Let TC represent e the mean excentricity of 

\5ms 
the moon'^s orbit, and CB = CA = : 

8 

and let BCD = 2 (a - )3) = 2 distance of mean perigee from sun. 

15 ftt/ 
Then TD nearly = TE=-TC-CE=e{l + 'Cos.2(a-)3)}; 

O 

and angle CTD = — , nearly, = — , nearly 

= sin. 2 (a - p). 

o 

Hence if T be the place of the earth, and TC the direction 
of the mean position of the moon's apogee, TD will be direc- 
tion of the apogee as eflfected by evection. The centre of the 
moon'*s orbit revolves in the epicycle BDA. 

The perturbation of the place of the apside and the alter- 
ation of the value of the excentricity will both affect the 
elliptical inequality or equation of the centre ; and the error 
of longitude arising from these two causes may be expressed 
by a single term. For the equation of the centre, instead of 
e sin. (0 - a) becomes, altering e and a as above, 

15 15 

e\l + — mcos.2(a - /3)} sin. \0 — a + — msin. 2 (a - /3)} . 
8 8 

Expanding, and neglecting terms involving wi^, we have 

15 
sin. {(0 - a) + — m sin. 2 (a - /3)} 

o 

15 
«= sin. (0 - a) + ~- m cos. (0 - a) sin. 2 (a - )3) ; 

o 
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Whence the equation of the centre becomes 

15 
e sin. (0 - a) + — me sin. {(0 - a) + 2 (a - )3)} , 

8 

the last term is the inequality now considered. 

There is in the expression for the moon's longitude, a 
term (Airy, L. T. 59,) 

15 

— we sin. {(2 -2m -c)pt -2/3 + a}. 

o 

Now, c is not much diflferent from 1, and m is small ; whence 
the arc in this term is nearly 

pt -2fi + a, or nearly - 2/3 + a, 

which is the same as the arc in the above expression for the 
inequality. 

The angular distance of the sun and moon is 9 — mO — (i, 
and the moon'^s anomaly is c0 - a ; therefore the arc 

20-2m0-2/3 -cO-^ay 

is twice the distance of the sun and moon minus the moon's 
anomaly. And the inequality above described is proportional 
to the cosine of this arc. This inequality is called the Evection. 

Change of the Inclination. 

68. Cor. 10. Suppose i^s orbit to be inclined to a given 
fixed plane passing through S. Then, the forces LM, MT act 
as before ; and of these, LM, which always acts in the line PT, 
will not disturb the plane of P's orbit. But the force MT, 
acting at P parallel to TS, will urge the body from the plane 
of its orbit, except when the line of nodes coincides with TS 
and STP is the plane of the orbit. 

When the line of nodes is in quadrature, let the body P 
set out from quadrature towards syzygy : the force J/T will at 
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every point act to urge the body P towards the fixed plane, 
and as the body is moving from the fixed plane, the force will 
manifestly at every instant diminish the inclination. When the 
body has passed the syzygy, and is moving to the next quad- 
rature, it is moving towards the fixed plane ; and as the force 
still acts towards the plane, the inclination of the motion to the 
plane will be constantly increased, till the body reaches the node. 
Hence, in this position of the line of nodes, the inclination of 
the orbit will be diminished as the body moves from quadra- 
tures, will be least when the body is in syzygies, and will 
return at the next quadrature nearly to its original magnitude. 

When the line of nodes is in octants after quadratures, 
that is, between C, and A^ or D and jS, it will appear, by similar 
reasoning, that while the body P moves from any node to the 
point 90® from it, the inclination will be constantly diminished ; 
for the next 45^ till the body reaches the following quadrature, 
the inclination will be increased ; for 45^ more, from quadrature 
to the node, it will be diminished. Thus, it is diminished 
through 135^ and increased through 45°, and is therefore more 
diminished than increased in a half revolution ; and the same 
effect precisely will be fM*oduced in the next half revolution. 
It is therefore perpetually less and less at every succeeding 
appulse of the body to the node. And by a similar reasoning 
it will appear that the same is true, so long as the nodes are 
between A and C, and B and 2>. 

When the nodes are in the octants before quadratures, it 
may be proved, in like manner, that the inclination will be 
increased through 135® of P'^s semi-revolution, and diminished 
through 45**; and therefore it will be, on the whole, more 
increased than diminished ; and the inclination will be greater 
and greater at each appulse of the body to the node. And 
the same is true, so long as the nodes are between B and C, 
and A and D. 

Therefore, while the node moves from A to C, the in- 
clination of the orbit is perpetually diminished. It is least 
when the line of nodes is in quadrature. After that point it 
increases perpetually while the node moves from C to B^ and 
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is greatest when the node is in syzygy, increasing by the 
same degrees as those by which it had diminished, and return- 
ing to its original magnitude. 

In the case of the moon, we find (Airy^ L. T. Art. 68,) 
that if y be the longitude of the node, j3 the longitude of 
the sun, the tangent of the inclination of the orbit is 

A; { 1 + ^ — cos. 2 (7 - )3) } ; 

which is greatest when 7-/3 = or = 180^ that is, when the 
nodes are in syzygy ; and least when 7 - )3 = 90^ or = 270°, 
that is, when the nodes are in quadrature. 

Regression of the Nodes. 

69. Cor. 11. When the nodes are in quadratures, the , 
body Pis perpetually drawn from the plane of its orbit towards 
the fixed plane ES1\ by the force MT\ and in moving from 
C to 2>, is urged from the plane of its orbit towards the side 
on which is S. Hence, it will recede from the plane of its 
orbit, and will meet the fixed plane EST^ not at the node 2>, 
but at a point situate from D towards *?, which is the new 
place of the node. And, in like manner, during the motion 
of the body from the node D to C, the node will be shifted 
from C to the side opposite to S. Therefore, when the nodes 
are in quadrature, the line of nodes regresses during a revolu- 
tion of the body P. 

When the nodes are in syzygy, they remain stationary 
during a revolution of the body P. 

When the nodes are in any intermediate position, they will 
have an intermediate motion ; that is, they will regress more 
slowly : (as will hereafter be more fully shewn). 

Hence, upon the whole, the nodes regress. 

In the expression for «, the tangent of the latitude of the 
fnoon, we find {Airy^ L. T. 67,) a term k sin. {gQ — 7), which 
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represents motion in a plane, the tangent of whose inclination 
to the ecliptic is k^ the nodes of the plane being supposed to 
move with a retrograde motion, which is to the whole motion 
of the moon as ^ — 1 : 1. 

DiFFEBENCS OF MAGNITUDE OF ErROAS. 

70. CoR. 12. If --— represent the force of S on T, we 
shall have, as in Cor. T? 

force SL^^p^, force LM ^ ^^ , 

S,ST S 



force MT = 



SP" ST^ 



and these forces are somewhat greater when P is at ^ than 
when P is at ^, SP being smaller in the former case; 
therefore all the preceding errors are somewhat greater in 
the conjtmction of P and S (as seen from 7^, than in their 
opposition. 

CoR. 13. The preceding reasonings apply both to cases 
where a system 7, P, revolves round a larger S, (as the 
earth and moon round the sun) ; and to those where different 
bodies P, «S, revolve round a central body T, (as the planets 
round the sun). But the body S being much larger in the 
former case than in the latter, the errors are also, at equal 
distances, much larger in that case. 

Comparative Errors in different Systems: 

71. Cor. 14. When the body S is very distant, we have, 
as in Cor. 7» 

force LM = ^^^ , force MT = — ~— ^ — . 

ST" ST^ 

And when the force and distance of S vary, the system T, P 

S 
remaining, these forces are as -^^. 

Q 
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But when a body or system revolves in a circle about a 

ST* 

centre of force S^ at a distance STy we have force oc — - , 

P being the periodic time round *S; or 

S ST ^ Si 

<^ ~v^ ? whence -^rr=- oc 



ST" P" ST' P" 

{Introd. Prop. iv.). Hence, the disturbing forces are inversely 
as the square of^he periodic time. 

If the absolute force S9 at a given distance, be proportional 
to the magnitude of the body *S, let D be the diameter of S : 

then S oc Z>3, and the disturbing forces are as — — , and 

therefore as the cube of the apparent diameter of S. 

Cob. 15. If the form, proportion, and inclination of the 
orbits ESE and PAB^ and the relative forces of S and T, 
remain unchanged ; and if the magnitude of the orbits be 
altered in any ratio, the relative directions and inclinations of 
the forces at every instant will be the same as before; the 
motions will be similar, and the times of similar motions will 
be proportional. 

That is, the linear errors in this case will be altered pro- 
portionally to the diameters of the orbits ; the angular errors 
will be the same as before ; and the times of similar linear, or 
equal angular errors, will be altered proportionally to the 
periodic times of the orbit^. 

Cos. 16. Having given the forms and inclination of the 
orbits, and, knowing the errors and their times in one case, 
to find the errors and their times, when the magnitudes, forces 
and distances of the bodies are changed in any manner. 

When TP is altered, other things remaining, the forces 
LM9 MT are altered proportionally to TPi and the spaces 
through which they similarly draw the bodies will be as the 
forces X the squares of the times, (Introd. Lemma x.) ; there- 
fore, the linear errors in the course of P's period, (which are 
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spaces similarly described), will be as TP x the square of P*% 
periodic time. 

Therefore, in one period of P, the angular errors as seen 
from T are as the square of P's periodic time. 

Hence, the motion of the apse and of the nodes in the 
course of one revolution of P, and all the apparent errors in 
latitude and longitude, will be in this proportion. 

This is also true, if T be altered as well as TP. 

By Cor. 14, when the force and distance of S vary, the 
errors in the system T, P, vary inversely as the square of 
the periodic time of T and P, round S. Hence, if both Sf 
ST and T, TP vary, the angular errors are as squares of the 
periodic time of P round T directly, and the square of the 
periodic time of T round S inversely. 

Hence, for different satellites (the excentricity and incli- 
nation being the same), the mean motion of the apse and the 
mean motion of the node in the course of one revolution, 
are each as the square of the period of the satellite directly, 
and the square of the period of the primary inversely. 

And for different satellites of the same primary (the ex- 
centricity and inclination being the same), the motion of the 
nodes is in a given ratio to the motion of the apse. 

The motion of the nodes and of the apse are not sensibly 
changed by altering the excentricity and inclination, except 
these be considerable. 

It appears by calculation, that if m be the ratio of the 
periodic time of the satellite to that of the primary, 1 — c 
the motion of the apse, and g—1 the motion of the node, 
as compared with that of the satellite, we have (Airy^ L. T. 
Art. 72,) 

3 , 225 , 

c a= 1 — m mr + &c. 

4 32 

4i 32 
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Hence, it appears that if we neglect 9it% &c. as small, 
the progression of the apse in one revolution of the satellite 

Q 2 

is equal to the regression of the node, each being tt. 

The corollary just proved cannot be strictly applied to 
the moon ; for in the case of the moon m « — , therefore 

IS 

— mr = wr = — mr . nearly, 

82 32 X 13 13 -^ 

3 
which is not much less than the preceding term -m'. 

Hence, in applying this corollary, in order to obtain, from 
the motion of the apse of the moon, that of a satellite for which 

m is small, the motion thus found would be too great, nearly 

3 7 3 

in the ratio of - h to - ; which is not much different from 

4 13 4 

the ratio of 9 to 5. Newton, when in Book iii. Prop. 23, 
he applies this corollary to Jupiter^s satellites, reduces the 
amount in the ratio of 9 to 5, but does not explain the reason. 

In the case of Jupiter'^s 4th or outermost satellite, m is 

about — . In the case- of Saturn's 7th satellite, m is about 
264 

— . In these cases the corollary might be applied without 

sensible error, and a fortiori for the inner satellites. 

CoE. 17. If F represent the force which T exerts upon 

P to retain in its orbit, P the period of T round «S, p the 

rad. 

period of P round T, since force oc in circles, 

^ per.* 

„ S TP ST ^ S.TP p* 
F : -7^=k :: — r • -7;7 ? whence -77==-=/^—. 
ST^ p" P' ST" /* 
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Hence, bv Cor. 14, 



tovce LM=F^; force MT ^ F^^.-^^ 



Motion of a Fluid Ring. 

72. CoE. 18. Suppose a number of bodies P to revolve 
round Ty at the same distance from it : suppose these to become 
so numerous that they touch each other and form a ring ; and 
suppose the bodies to be placed so that we may have a fluid 
ring surrounding the body T. The parts of this ring will 
move in all respects like the body P in the preceding co- 
rollaries, and thus they will move quicker in their conjunction 
and opposition with «S, and slower at quadratures, (Cor. S.). 
Also the nodes of this ring, that is its intersections with the 
fixed plane EST will be at rest when they are in syzygies, but 
in other positions they will regress, quickest at quadratures, 
slower in other places, (Cor. 11.). Also the inclination of the 
ring will change (Cor. 10,) and its axis will oscillate in the 
course of each revolution; and at the end of the revolution 
will return to its former position, except in so far as it is 
affected by the regression of the nodes. 

Tides. 

73. CoE. 19. Now, suppose' the globular body T to be 
solid, and to be extended in dimensions till it meets this fluid 
ring, and to contain the fluid in a canal which runs round the 
globe. This fluid will then be alternately accelerated and 
retarded as in the last corollary ; at the syzygies it will move 
quickest, at the quadratures slowest, and thus, relatively to 
a point moving with the mean velocity, there will be a flux and 
reflux, resembling the tides. Also the water will be highest 
in the part of the canal when it moves slowest, that is, at 
quadrature; and lowest in the part where it moves quickest, 
that is, at syzygy. 

If the fluid were to revolve about the centre of a globe at 
rest, not acted upon by a body a9, there would be no flux and 
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reflux. The same is true of a globe which moves uniformly 
forwards, and at the same time revolves about its centre ; and 
also of a globe which is made to deviate from its rectilinear 
course by any force. (See the 2d Law of motion.) 

But if the body S now act upon the globe ; the fluid will 
be disturbed by its unequal action. For the nearer fluid will 
be more attracted, the more remote fluid less attracted than 
the centre ; and hence, there will be disturbing forces LM^ 
MT as in the proposition. The force LM urges the fluid 
towards the centre equally at all points of the circumference, 
and produces no tide. The force MT may be resolved into 
two forces, one in the direction of the radius, the other per- 
pendicular to this direction, and acting towards the syzygy. 
In consequence of the action of this latter force, the fluid will 
be highest at quadrature and lowest at syzygy, except so 
far as the motion of flux and reflux is diverted by the form 
of the canal or retarded by friction. 

And if the centripetal force of the globe increase, so that 
all the parts tend to its centre, after the manner of bodies 
gravitating on the Earth'^s surface, the phenomena already 
stated in this corollary will be scarcely altered; except that 
the places of the greatest and least altitudes of the fluid will 
be diflerent. For in this case the water is kept in its per- 
manent round form, not by its centrifugal force, as in Cor. 18, 
but by its gravity, which retains it in the channel in which 
it flows. And the part of the disturbing force which is in 
the direction of the radius will cause its gravity to be diflerent 
in diflerent parts of the circumference. For the force LM 
draws it downward at quadratures, and the force MT — LM 
draws it upward at syzygies. And in consequence of these 
forces the fluid would be lowest at quadrature and highest 
at syzygy. 

The joint eflect of the disturbing forces will attain its 
maximum somewhere after syzygy and before quadrature. 
Hence, the greatest altitude of the water may be at octants 
after syzygies, and the least at octants after quadratures 
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nearly ; except so far as the motion of ascending and descend- 
ing produced by these forces continues longer in consequence 
of the inertia of the water, or is stopped sooner in conse- 
quence of the resistance oflFered by the channel. 

Pbecessiok of the Equinoxes. 

74. Cor. 20. Let the fluid ring in Cor. 18, now become 
solid : the motion of flux and reflux will now cease to take place, 
but the oscillatory change of inclination, and the precession of 
the nodes will still exist. Let the globe T fill the interior of 
the rigid ring, and revolve in the same time with the ring, 
adhering to it, so as to form one mass. Then the whole mass 
consisting of globe and ring, will share in such motions of the 
ring as have been described; its axis will oscillate and its 
nodes will regress. For the globe is, by its inertia, equally 
fitted to receive all impressed motions, and to retain them 
when received. 

When the ring is not attached to a globe, its greatest 
angle of inclination is when the nodes are in syzygy (Cor. 10.). 
In the passage of the nodes from syzygies to quadrature, the 
ring tends to diminish its inclination, and by this tendency 
impresses its motion in the whole globe. The globe retains 
the motion impressed till the ring by its inverted tendency 
has destroyed it; after which the ring impresses upon the globe 
a new motion in the opposite direction. 

By this means the most rapid diminution of the incli- 
nation takes place when the nodes are in quadratures, but 
the least angle of inclination in the octants after quadratures ; 
the most rapid increase of inclination at syzygies, the great- 
est inclination in the succeeding octants. 

The same things would happen with regard to a globe 
with no ring, if it were either more protuberant towards the 
equator than at the poles, or consisted in the former part of 
denser matter. For the excess of matter in the equatorial 
regions answers the purpose of the ring before supposed. 
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Cor ^1. In the same manner in which an excess of 
matter in the neighbourhood of the equator causes the nodes 
to regress, and produces a greater regression the greater is 
the excess, a less regression when the excess is less, and no 
regression when the excess disappears ; if we take away more 
than the redundant matter, that is, if there be a depression 
of the globe at the equator, or if its material be there less 
dense, the nodes of the globe will progress. 

Cob. 22. Hence, conversely, by knowing the direction of 
the motion of the nodes we know the constitution of the globe. 
If the globe always keeps the same poles, and its nodes move 
backwards, there is an excess of matter at the equator: if 
the nodes move forwards, there is a defect of matter there. 

Composition of Rotatory Motion. 

75. Let a perfectly spherical body be at rest in free 
space ; and afterwards let it receive some oblique impact, so as 
to acquire a motion both of translation and of rotation. It will 
afterwards, by its inertia, retain the same axis in the same 
position, without any further change. Let the globe again 
receive a new oblique impact on the same point of the sur- 
face as before: and as it can make no difference whether the 
impulse take place soon or late, the two impulses will produce 
the same effect as if they had taken place at the same time ; 
that is, the same effect, as if a single impulse compounded of 
the two had taken place. The globe will therefore have 
a simple rotatory motion, about a given axis. The effect will 
be the same if the second impulse takes place at any point of 
the equator of the first motion ; and also if the first impulse 
take place at any point of the equator of the second motion. 
Hence the two impulses will generate a circular motion which 
will be the same as if both impulses had acted at the inter- 
section of the two equators : and this will be true if the two 
impulses act at any points whatever. Therefore a homogeneous 
sphere does not retain separate rotatory motions, but com- 
pounds them all into one uniform motion about an invariable 
axis in a constant position. 
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The centrifugal force of a revolving globe cannot change 
the inclination of the axis or the velocity of rotation. But if 
there be added to any part of the globe between the pole and 
the equator a new portion of matter, as a mountain, this, by its 
perpetual tendency to recede from the axis of motion, will dis- 
turb the motion, and cause the poles of rotation to shift along 
the surface of the globe, describing circles about the mountain 
and the point opposite to it And this irregular wandering 
of the poles will not be corrected, except when the mountain 
is at the pole, in which case (by Cor. 21,) the nodes of the 
equator will progress; or at the equator, in which case the 
nodes regress ; or by adding another portion of matter on the 
other side of the equator, (on the same side of the axis;) 
and in this case the nodes either advance or recede, as the 
excess of matter is nearer to the pole or to the equator. 

If an oblate spheroid be conceived to be at rest and 
moveable about its centre, and be attracted by a distant body 
Sf the attraction would impress upon the spheroid a rotatory 
motion round a certain axis. And if the spheroid have pre- 
viously a rotatory motion about its axis of form, these two 
rotatory motions will be compounded, and will produce rota- 
tion about a new axis. And if the attraction of S act per- 
petually, the axis of rotation of tjfxe spheroid will be perpetually 
altered. But this alteration of the instantaneous axis of rota- 
tion will be such that the motion of the spheroid may be 
considered as compounded of a rotatory motion round its axis 
of form, and a regression of the nodes of its equator upon the 
plane ESE, such as is described in Cor. 21. 

By calculating the effect of the sun's action upon the 
terrestrial spheroid, on the above principles, it is found that 
there is produced a precession of the equinoxes, of which the 
amount in one year is (Airy, Precession, Art. 44,) 

B . Stt .cos.2S»28' 



366,26 

where 5 is a quantity depending upon the law of the earth's 
density. 

R 
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Sect III. Calculation of some of the Lunar In- 
equalities ACCORDING TO NeWTON^S MeTHOD. 

(Principia, Book III. Prop, xxv — xxxv.) 
(Newton, Book III. Prop, xxv.) 

76. Prop. To find the force of the sun to disturb 
the motion of the moon. 

Fig. 157. Let S now represent the sun, T the earth, P the 
moon, G the centre of gravity of the earth and moon. By 
Art. 55. T and P by their mutual action revolve about G ; and 
each of these bodies is disturbed in its motion by forces similar 
to the forces LM^ MT which are considered in Prop. ^^ and 
its corollaries, (Art. &^ to 74.) Hence it appears by Cor. 7. 
(Art. QQ^ that if J^ be the force by which P is retained in 
its orbit, 'p the period of P or T round G, P the period of T 

round aS, the disturbing forces which act upon P are Fr=^ 

p^ SGK 
in the direction PT, andF—^ in a direction parallel to 

GS> Similar forces act upon T ; and if G be the force which 
retains T in its orbit, the disturbing forces upon it are re- 

spectively, G— and G^-^, or G— .-^^. 

The disturbance of P^s orbit relatively to T will be the 
sum of these two sets of disturbances ; the relative disturbing 
force, in the direction of the radius PT, for instance, will be 

(P + G) — . But the relative motion of P towards T is the 

sum of the motions of P and T towards G ; and hence the 
effects of this kind which the mutual forces of P and T pro- 
duce will be as P + G. Therefore the relative disturbance 
of the motion of P has to the relative motion of P round T 
at rest in the period j>, the same relation which we found 
for the absolute disturbance of the absolute motion in Prop. 66. 
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If F' be the force with which P would revolve round T at rest 
at the distance TP in the time p, the relative disturbing force 

on Pin PTisF'—. 

The moon P and the earth T revolve round G in the same 
time p^ their, distance being 60^ radii of the earth. And if P 
were to revolve round T at rest in the same time p, their 
distance would be less in the ratio \/T + P ; ^T. (Art. 58.) 
Supposing T = 60 P, this ratio is ^6l : >y^60 or 6aJ : 60 
nearly ; whence it follows that the distance would on this 
supposition be 60 radii. If P" be the force which would 
retain P in its orbit at this distance, 

we have F' : P" :: 6oi ; 60 and F^F"^^. 

The force by which P is retained in its orbit about T at 
rest is the attraction of the earth, that is, the force of gravity 
diminished in the ratio of the inverse square of the distance. 
If g be gravity at the earth's surface. 



1 ^ 6o4 

60^' ^60^ 



^ = ^•^2; ^ = ^ 



Hence we have for the relative disturbing forces, 
force in the direction PT = -^' ^ = ^ ^ ^ > 

and force parallel to ^^ =" S-^ -pt'-Qp- 
Also, 

p 27,322 1 , , p"" 1 1 

•= = -r = nearly ; and ^ = nearly. 

P 365,25 13,4 ^ P2 178,725 ^ 

Hence we have the proportions of the disturbing forces to 
the force of gravity. 

77- I^et the angle PGS be called w; then, retaining 

/n" 

the former notation, the forces are P'—s in direction PT^ 

P* 



^cos.w parallel to OS, 
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The latter force may be resolved into two portions, in the 
direction TP, and perpendicular to that line, respectively. 
And if PR, RQ be these portions, it will easily be seen that 
they are respectively 

Si^-— -cos. o) cos. », and 3/^-=-cos.a)8in.to>. 

Hence the whole radial disturbing force (in the direction of 
the radius PT^ is 

r^ {1-3 cos.^o,} = r^ { - i - ?(2cos.*a, - l)} 

^p* 1 4- 3cos.2a) 

P* 2 

And the transverse disturbing force (in the direction perpen^ 
dicular to the radius PT} is 

oip^P\^. c;« r^P' 3sin.2tti 

The radial force — F' ^ — , varies as lo varies ; 

P^ 2 

and COS.2 w in the course of half a revolution of P goes through 
all its values, having negative values equal in number and mag- 
nitude to the positive ones. Hence the mean value of the 
radial force will be had by neglecting the variable portion 
depending on cos. 2(0, which thus destroys its own eflfect; and 

the mean value is therefore, —. . It tends from the centre. 

2 jP 

©* 1 

Since -- = the mean radial disturbinfir force is 

P 178,725 ® 

, which is that used in page 95, in calculating the 



357,45 
motion of the apse. 

The amount of the motion of the apse thus found, requires 
correcting in the case of the moon, in consequence of the 
transverse disturbing force which we have also found. 
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78. Phop. The transverse disturbing force cannot 
affect the motion of the apse^ e^vcept when the square of the 
disturbing force is taken into account. 

The radial disturbing force alters the direction of the 
body^s motion, whether it be at an apse or not ; and thus will, 
by its action in a given small element of the orbit, cause the 
curve not to be perpendicular to the radius when otherwise it 
would have been so, and to be perpendicular when otherwise it 
would not have been so; and thus it may cause the place of 
the apse to change. But the transverse disturbing force, being 
perpendicular to the radius, cannot by its action in a given 
small element, make the curve cease to be oblique to the radius 
if it be so, or cease to be perpendicular if it be perpendicular 
to the radius ; that is, this force cannot make an apse where 
without the force it would not have been, nor remove it where 
it is. And when we suppose the disturbing forces very small, 
so that we may neglect their squares, the disturbance produced 
in one element of the curve will not affect the disturbance 
produced in the other elements. Hence, on this supposition, 
the apse will not be removed by the action of the transverse 
disturbing force. 

But if the disturbing forces be larger, the transverse force 
will, by acting during a finite time, produce an error in the 
place of the body, and the body^s position will not be such 
as it would have been without the action of the disturbing 
force. And the radial disturbing force depends for its value 
upon the position of the body, and hence will be different from 
what it would have been if the transverse force had not acted. 
Therefore the motion of the apse will thus be affected medi- 
ately, though not immediately, by the action of the transverse 
force. 

The error of the moon^s place due to the transverse force, 
and the error in the quantities on which the radial force de- 
pends, are, ceteris paribus, as the disturbing force. And the 
effect of such an error is as the portion of the disturbing force 
which arises from the error, that is, as the disturbance due to 
a disturbance, or as the square of the disturbing forces. 
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In the case of the outermost satellites of Jupiter and 
Saturn, the disturbing force has the factors 



or 



(264)*^' 035)*' 

and the other satellites of these systems have still smaller 
multipliers. In these cases the effect of the transverse force 

f 1 

may be neglected. But in the case of the moon -^ = — — --- ; 

and the next power cannot safely be neglected. 

The true motion of the perigee of the moon*s orbit com- 
pared with her mean motion is 



.2 



3 p" 225 

4 ^"^ 32 



f rs 225 l;?'^ 



3 p* 
If we neglect the second term we have --^5 which agrees 

with Art. 5S ; but it is manifest that in this case the second 
term is nearly as large as the first. Including both in the 
calculation, we find for the motion of the apse in one revo- 
lution, 3^03588. 

(Newton, Book III. Prop, xxvi.) 

79. Peop. To find the horary {or instantaneous) in- 
crement of the area which the moon describes about the earth. 

This increment is produced by the transverse disturbing 
force, (Art. 65, Cor. 2.) and this force is, for the relative 

J) 

motion 3(F + G) ~ sin.w cos.w . (Art. 76.) where w is PGS. 

Fig. 157. Let the orbit of the moon be supposed to be cir- 
cular, and in the plane of the ecliptic. Let EG be the origin 
of longitudes ; let EGP be the longitude of the moon seen from 
G = 0, EGS the longitude of the sun also seen from G^ff. 
If the motion of the moon and the apparent motion of the sun 
be circular, their angular velocities will have a given ratio, 
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and the increase of their longitudes in the same time will 
always be in this ratio; it will be the ratio of their periodic 
times, because these are the times of describing equal arcs, 

namely a whole circumference. Let m be the ratio ■— ; and 

let fi be the longitude of S when 9 = 0, 

then 0'=m0 + j8, and co = 0'- = w0 - + )3. 
Hence if 5 designate the small increment, 5w = — (1 — w)S0. 

Now if r be the radius of P's relative orbit, V the velocity 
in this orbit, P=(-F+G)r (by the property of circular 

motion), also St = ——- = — :-— . 

^ V (1 - m) r 

The area in time 1, is \tV. The increment of this 
area arising from the transverse force, depends on the incre- 
ment of the velocity F, and we have 

5F=forcex5^ 

^ 3(F + G)m^ sin. a)Cos.a}. St = --rr— sin.wcos.oj . ^w 

(1 - w) F 

sin.wcos. 0) . oo). 



(1 - m) 

Hence, integrating so as to find the augmentation of velocity, 

3 Vm^ 
we find it to be =: — cos.^w, beginning from the quad- 
rature where cos. to is 0. The mean value of this is when 

(o = — , in which case it is -— - . Therefore, the excess 

4 2(1 -m) 2 

above the mean value is -— (2 cos.^w - 1), that is, 

4(1 -m) ^ ^ 

3 Vm^ 

—z COS. 2(0. And we have for the whole value of the 

4(1 -w) 

velocity 

V\i + cos.2ft){ ; 

^ 4(1 -w) * 
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therefore, the mean value of the area is to its value at any 
other time, 

as 1 to 1 H — cos.2o>; 

4(1 - m) 

4(1 -WJ 4(1 -to) 

or as r-^ to — ^^ TT-^ +co8.2«tf. 

Smr 3m' 

But m* being , it appears that — ^^ 5-^ ■= 220,40 ; 

178,75 Sm 

hence the area in a given small instant, is as 220,46 + cos.2ft». 

Thus the area at quadrature is to the area at syzygy, 

as 219,46 to 221,46. 

(Newton, Book III. Prop, xxvlii.) 

80. Prop. To find the diameters of the oval orbity 
into which the disturbing forces would convert the orbit of 
the moon, if circular when undisturbed. 

See Art. 64. Cor. 3. The oval orbit there spoken of will 
be perpendicular to the radius at syzygy and at quadrature; 

and by Art. 25, the force at such points is as — , where R 

R 

is the radius of curvature. Let F, R correspond to the 
syzygy, F', /?' to the quadrature. Then 

force at syzygy : force at quadrature :: — : -^ . 

R R 

Let 1 be the mean radius of the oval orbit, 1 — a? the 
radius at syzygy, 1 + a? at quadrature. Now, by last Pro- 
position, the squares of the areas at syzygy and quadrature 
are in the ratio (neglecting the square of the smaller terms,) 

3m^ 3m^ 

1 -Hz-T^ r: 1- 



2(1 -m) 2(1 -m) 

and the velocities are as the area divided by the radius, and 
therefore their squares are as these quantities divided by 
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(1 - 0?)' and {l + wy respectively ; or, neglecting again the 
-isquares and products of small quantities, jCy &C9 

V^ : V^ :: 1 + 2ci? + — : : i - 2a? - 



2(1 -fw) ' 2(1 -iw)' 

But the forces by which the moon is retained in her orbit 
at syzygy and quadrature, are the attraction of T and P, 
together with the radial disturbing forces. Now, the attrac- 
tion of T and P varies inversely as the square of the distance, 
and if 1 be its value at the mean distance 1 , 

and , or 1 -f 2^? and 1—20? nearly. 



(1 - 0?)* (1 + w)' 

will be its values at syzygy and quadrature. The radial 
disturbing forces is at these points respectively 

-2(F+G)w« and (F+G)w^ 

and we may suppose -F+ G to be equal to the mean force 1. 
Hence, the forces at syzygy and quadrature are 

as 1+20? -2m* : l-2a? + f»^ 

Hence, we have, by comparing the ratio of the forces found 
in these different ways. 



1 + 2a? -f 



3w»' 



2(1 -m) R' 1 +2a?-2m^ 



3m R 1 -2w-j- m^ 

l-2a?-— 

2(1 -m) 

Whence we find, neglecting all squares and products of w 
and m^. 

The ratio of R' to R will depend on the nature of the 
curve. Let it be supposed that we have an oval, of which 
1+0? and 1 " w are the semiaxes, major and minor, w being 
small : and being the angle which any radius vector drawn 
from the centre makes with the major axis, let the radius 
vector be 1 + o?eos. 2d. (This includes the ellipse and many 

S 
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other ovals ultimately.) The oval which results from the 
disturbing forces cannot be such a figure as this, because the 
radius vector passes from its greatest to its least value, not 

in the course of an angle = — , but in the course of an 

IT TT 

itngle 0-0' = -, or0(l-m)=:— . Let, therefore, the radius 
vector of the oval described by the moon be 

r = 1 + a? COS. 2 (l — m) 0, 
which agrees with the condition just mentioned. 

Then, at the extremity of the major axis, if we draw the 
subtense of the angle of contact, we have (Introd. Lemma xi.) 



«' = 



arc* 



subtense 
^nd subtense = deflexion from tan. = semiaxis — r cos. 9 

= 1 + 0? — |l + 47 COS. 2 (l ^m)0\ .cos. 

■= 1 — COS. -f 0? 1 1 — cos. 2(1 — m) . cos. 0} . 

Also, when is very small, cos. 0=1 ; hence, neglecting 

2 

higher powers. 



subtense 



0" Iff ^(\-mfGF\ 

= — + a? — + — . 

2 Vs 2 / 



Also, arc «= (l 4- ci?) ; hence. 



^, 2(l4-.r)^ 

1 H-a7{l + 4(1 -mf] ' 

TT 

In like manner for R\ let 0= ^ : "K'^ 

2(1 -w) '^ 

then r = 1 — a? cos. 2 (1 - 1») ^; and, as before, 

subtense = 1-^-^1-^ cos. 2(1 - tw) ^} cos. ^ 

« ^ — COS. ^ - ^ { 1 - COS. 2 (l - wi) ^^os. X^\ 
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2 \2 2 / 



And the arc = (1 — ^)^% 

arc* 2(1 -0?)' 



hence, R = 



subtense 1 - a? { 1 -f 4(1 - my] 

Hence, we find that R' is to Ry 

(1 + ay (I - xY 

as ~ -^ to ^ 



therefore, 



1 +a?{l +4(1 -my\ 1 -a?{l +4(1 -my] ' 
R' {\+wy l-^co- 4a'(1 - my 



R (l-^)* 1 +ci? + 4^(l - m) 
1 + ir — 4.r(l — my 



= 1 -2.r|4(l -m)*-!}, 



1 -cT + 4a?(l -my 
neglecting higher powers. 

Equating the two values of — , we have 

R 

3m^ (l + J =2.r{4(l -nf)»- l}, 



3 m 



2 

J? = 



V 1 -W 

4(l-w)*-l 

By putting for m its value, we find x = nearly ; and hence 

the distances of the moon at syzygy and quadrature, arising 
from the disturbing forces, are as 138 : 140, or as 69 : 7Q 
nearly. 

If we neglect m', a? is as w»*. 

(Newton, Book III. Prop, xxix.) 

81. Prop. To find the Moon's Variation, 

The Variation (Art. 64,) is the error of longitude arising 
both from the acceleration of areas, and from the oval fqrm of 
the orbit. 
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Fig. 158. Let S9 y be at rest, and P revolve round Tin 
an ellipse Cq^ describing areas proportional to the times. 
And let CTp the area described in the same time, if the. body 
revolve in a circle Cp in the same period. Then, if 

TC : TA :: \ + .V : I - ^r, 

the angle q Tp will be the error of the longitude of P arising 
from the oval form of the orbit, supposing the sun to be 
apparently at rest. And if we increase at the angles CTq^ 

CTp, CTA in the ratio 1 - m : 1, so that CTA = —r^ — - , 

2 (1 - fit) 

we shall have the motion of /> in an orbit, such as was 

supposed in the last Proposition ; and the angle q Tp will 

become the error of longitude on that supposition. Also, 

TA 1 — T? 

tan. qTC = 7^7^ tan.p 7'C = - tan. p TC. 
IC 1 + ^ 

In order to take account of the acceleration of areas, take 
CTP such an angle, that 



^ 1 +y 



tan. CTP = V ~ . tan. CTq ; 

1 — y : 1 + y being . the ratio of the instantaneous area at 
syzygies to that at quadratures. This construction will give 
to P the true motion. For, let ATP = w, ATq^ (p. Then, 

cotan. w = \/ cotan. (b ; 

and taking the instantaneous change, 

CIO 



sin.* CO 



Also, - 



^ 1 + y sm.* (p ^ 1 -f y sin.* (p ^ 

1 - y COS.* <f> 1 - y r 1 1 

1 + y * sin.* <j!) lH-y\sin.*0 /' 



COS.* CO 
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- sin.'w . , 1 + y , 1 + y(cos.*« - 8in.'a>) 

whence . , ■ = sin.'o) + ^cos.'o) ■■ 

81D. ^ I — y ^ "• y 

1 4- ycos.2w 

Hence, Su) ^^ id) 7- '. . 

And by Art. 79> y is —7^ r ; also, S(h is constant in a 

4(1 — m) ^ 

given instant ; therefore Sw is in the proportion of the in- 
stantaneous increment of the area proved in Art. 78 : and P is 
in its true position. 

To find the error in longitude arising from the two causes 
above mentioned, let A Tp = yj/ ; then 

1 -a? 
cotan.0 = cotan. \|^, 

1 "T* <P 

by the former part of the construction, 

1-0? /l - y 

cotan. o) = \/ cotan. \!/ 

1 + ,r ^ 1 4. ,x? ^ 

= (1 — 2a* — y) cotan. \^, 

neglecting powers of <r and y : 

hence^ cotan. w - cotan. >// = - (2o? + y) cotan. \/^, 

cos. ^ sin.(a)-\l/) . cos.xl/^ 

or puttme -r~ for cotan., — 7-^ — r-~^ « - (2«r + y) -1^ — 7 ; 
^ sm. sin.{c)Sin.y sin. y 

sin. (o) — >/^) = (2a? -f y) sin. o) cos. \// «= (2a? + y) sin. w cos. a)^ 

neglecting the difference of w and \// after the first term. 

Hence, co - y^/ = Lv -h?| sin.2a) or ^o) = f a^ + -| sin.2a». 
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If now, be the mean longitude of the moon, tii0 + /3 
that of the sun, as before; ft) = in0-0 + )3. And Ao> must 
depend on the angular distance of the sun and moon, which is 
proportional to the moon*'s mean longitude. Therefore, 

Aw = - (l -?w) A0; and 

y 

A0 = ' sin. 2(0 - IW0 - j8) ; 

1 —m 

fend putting for x and y their values, we have the Variation of 
the Moon. 

It appears by the reasoning, that the variation is as 

sin.2(moon*'s mean long. — 8un'*s mean long.), 

as already stated, Art. 64. 

3 nr 

Taking only the first term of o', it is w', and y = . 

4 

Hence, a? + - = m' + = , agreemg with the co- 
efficient, as found analytically. {Airy^ L. T. Art. 64). 

(Newton, Book III. Prop, xxx.) 

82. Prop. To find the horary motion of the nodes in 
a circular orbit. 

Fig. 159. Let S be the sun, T the earth, P the moon, 
NPn the moon'^s orbit, Nn being the line of nodes. The 
whole disturbing force of *y on P has been resolved into two 
parts, (Art. 6S) ; of which one, in the direction PT^ does not 
draw P from the plane of its orbit, and consequently does not 
effect the line of nodes; the other part, which call Q, urges 
the body P ih a direction parallel to TS, and consequently 
draws it from the plane of the orbit in which it is moving 
at P. 

Let PM represent the velocity of the moon independent of 
the disturbing force; and let MLy parallel to TS^ represent 
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the velocity produced by the disturbing force in that direction 
in a unit of time (one hour). 

The plane of P^s orbit is, by the action of the force Q, 
twisted from the position PTM to the position PTL*% and 
if the plane PTL meet the ecliptic in Tl^ mTl is the motion 
of the line of nodes in a unit of time (one hour). 

The lines ML^ ml are in the same plane LMPml; but 
they can never meet, because ML is parallel to the plane of 
the ecliptic; hence, ML^ ml are parallel. 

Hence, we have 

hin.mTl ml , ^. ml . ,^ , 

r^ = — =, , and mTl^ — ~ sm. m I T, nearly, 

sin.mlT mT mF 

ml 
(mTl being small) = —-sin. ^STiV. Now, 

m 1 

ml ML 



mP MP 

mP 
And —==^ sm.mTP^ (because mPT is a right angle) = sin. PTJV. 
m\P 

^, .. wiZ ML . ^^^^ 
Therefore — =^^ rrrp, sin PTN. 
mT MP 

ML 
And mTl^-z—sm.PTN.sm.STN. 

MP 

Now, if F be the central force by which P is retained in 
its orbit, Srn^F cos. PTS (Art. 77,) is the force parallel to TS. 
Hence, if V be the velocity, and St the time of describing PJf, 
PM ^ VSt Also, in the time 5#, LM - twice the space de- 
scribed = force X 5/» = 3 m^F S f COS. PTS; whence. 



* The horary motion of the plane of P^» orbit depends on the direction in which 
P is moving at the interval of one hour from its being at /* ; and the direction of the 
motion is rightly determined by taking ML to represent the velocity generated by the 
force in one hour. ML is double of the space described by the force in the same time. 
See Introd, Prop. 1. Note. 
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mTl^~^ = ^!£^ COS. PTS sin. PTNsin.STN. 
MP V 

If d be the longitude of the moon, ff of the sun, N of the 
nodes, mTl is SN. Also, if 1 be the radius of P*s orbit, 
jF* « r*; hence, 

SN = Srn^VSt cos. (ff - 6) sin. {0 - JNT) sin. (0' - N) : 

or since ff ^ mO^ supposing 0'- and 9 to begin together; 

and since Vht — ^Q^ 

SN = Sm^^e cos. (0 - m0) sin. (0 - JV) sin. (m0 - AT). 

Cob. 1. If we suppose 0^ and iV to remain constant for a 
whole revolution of 0y we find the change of N in one revolu- 
tion of the moon, by integrating 

Smr cos. (0 - ff) sin. (0 - N) sin. (0'- N) 

for a whole circumference. Now, 

sin. (0 - A^) = sin. (0 - e'H- 0'^ AT) 

= sin.(0-0')cos.(0'.<Ar)+cos.(0-0')sin.(0'->Ar): 

and hence the expression to be integrated is 

3m2sin.2(0'-JV){cos.(0-0')sin.(0-0')cotan.(0'-.JV)+cos.^(0-0')}. 

The integral of sin.(0 - ff) cos.(0 - ff) is ^sin.*(0 - 0') ; 
which, taken from 0-0'=O to 0-0'=7r, is 0. 

To find the integral of cos.^(^-0'), we have 

J. sin. 07 COS. <r 

= sm/tV - cos.'^a? = 1-2 COS.*.!?, 

acT 

» , ^ d . sin.<rcos.a? 
cos.^ ^ = t - i :, ' 

, - - tV sin.<rcos.cr 
whence, L cos.* a? = - = : 

and from a? «= to ii? «= tt, f^ cos.* a? « — : 

2 . •. • 



145 

Hence, for a semi-circumference of — ff^ we have the 
motion of N 



2 



^m?{ff-Ny 



Cor. 2. When the moon is at syzygy, so that Q ^9^ 
we have for the instantaneous motion of the node 

iJV^Sm'^Sesin.'Cd'-JV); 

and if this were to continue at the same rate for a whole semi- 
circle, we should have to put tt instead of ^0, and the motion 
would be 

3m*7rsin.»(0'-JV). 

Hence, in any given position of the nodes, the mean instanta- 
neous (or horary) motion of the node is half the instantaneous 
(or horary) motion which takes place when the moon is in 

syzygy. 

Cor. 3. When the nodes are in quadrature, we have 

d*— JV= — ; and the motion in a whole revolution of the 
2 

moon will be 3w*7r. 

Cor. 4. If we take the equation 

5 JV = - Sw*50 cos. {Q - m&) sin. (0 - A^ sin. (wi0 - JV)t 

and resolve the products of sines and cosines into the sums and 
differences of such quantities, (which is always possible,) we find 

3iii^ 

5JV=r 50{l+cos.(20-2m0)-cos.(20-2JV)-cos.(2m0~2JV)}, 

4 

which may be integrated as a differential equation between N 
and Qy and gives, making — - « i, 

4 

K^~Q- JJ^' gin.(8g-ame) + -i^8in.(2g-gJV) 
4 8(1 — m) o V* "* V 

+ — , sm. (2w5 - 2iV). 

8 (n? - i) ^ ' 

T 
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Here the last term is considerable, on account of the 
smallness of its divisor, Sm - 8i, or 8m — Gw^; it gives 
the annual equation of the motion of the node. {LapUicey 
Mec. Cel. T. v. p. 376.) 

(Newton, Book III. Prop, xxxi.) 

83. Prop. To find the horary motion of the node9 
of the moon in the elliptical orbit assumed in Art. 79- 

Fig. l6o. Let QPMAq be the circular ovhit j Qpmaq 
the elliptical orbit ; p the moon, S the sun, T the earth as 
before. Let pmhe an arc described in the instant Sty N and 
n the nodes, PpK^ Mmk perpendiculars in the line of qua- 
drature Q9, (which is the major axis of the ellipse,) and let 
these meet Nn in 1>, d. Let the moon p describe areas 
proportional to the times; then the motion of the nodes in 
one revolution will be diminished in the ratio Dp : J5P, by 
the elliptical form of the orbit. 

To prove this, let PF be a tangent to the circle in P, 
meeting TNF; pf a tangent to the ellipse in p, meeting TN' 
in /; these tangents will meet TQ in the same point Y. Let 
LM be the eflFect of the disturbing force at P in the circular 
orbit, as in last Prop., and Im the effect of the disturbing 
force at p ; produce LP, Ip to meet the plane of the ecliptic 
in G^ g; join FG, fg, and let these produced meet pf, pg 
and TQ in c, e and R respectively; and let fg produced 
meet TQ in r. Then fTg, FTG will be the motion of the 
nodes in the circular and elliptical orbits respectively. 

The force in the circular orbit is to the force in the ellip- 

tical orbit as PK to pK, For (Cor. 7, Art. 66,) if —— 

■ tji^ 

sS . PK 
be the force of S on 7*, — -^— — is the force parallel to TS* 

ml pK cR 

Hence^ 



But 



ML PK FR 

FG ^^ _ £P _ c« . 
'MT.^TP^Tp''Jm'" 
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- Im ce . ce cR 

whence -—-- = — -- , and 



Now, 



ML FG FG FR 

FG ce' FG ce' FR cp' FR' 

FT FR FR cR FR cY 



Also, 



fT fr cR'fr cR'fY 



therefore, ^. ^ . ^ . ^ .^f/Z. >> .^Z; 
fT FG FG fT cp fY fY cp 

or, drawing ph parallel to TN, meeting PF, 

angle fTg fp cY ^ Fh FY ^ Fh Dp 
angle FTG'fY'Tp ' Ty'FP'"FP" DP' 

.Cob. We have DK = rJT tan. DTK; or, TP being 1, 

DK = sin. A TP . cotan. ATn = sin. {6 - 0') cotan. (6 - N). 

Bin. DTP sin. (e -- N) 
sin. PDT sm. {ff - N) 

^ Kp aT l-x . ^ 

Hence, % = ^^^ - ^A^K ^ '-^KP\ 
'DP DP DP^ 1 + cv ^ 

= ^"'/^"^ l^in- (^ - ^) cotan. (0 - JNT) + ^^-^ cos. (0-^)}; 
sin. (0-JV)* l+«2? 

whence ^iV is found from the expression in last Proposition, 
(p. 144,) by multiplying by this factor. 

We find thus 

5J\r=3w^50sin.«(0'-JV) 

{cos. {B - ff) sin. {0 - &) cotan. {$ - N) + cos.' (B - ff)}. 
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Integrating for a semi-circumference of B --^ ffy as in 

Cor. I9 Art. 82, we shall have the same result as before, 

1 — /p 
with the exception of the factor in the latter term. 

^ ■ 1 +ar 

Therefore, for a revolution of p^ we have the motion of N 

= . sin." (ff - N). 

A correction is also due to the acceleration of areas. 
{Newton^ Vol. iii. p. 428.) 

(Newton, Book III. Prop, xxxii.) 

84. Psop. To find the Mean Motion of the Moon's 
Nodes. 

It SN now represent the motion of the node in any instant, 
at the rate of the mean motion for one revoltUion of the moony 
(the monthly mean^) we have 

iJV = ^9 sin.* (ff-N) Art. 81, Cor. 1, 

2 
= -f_50sin.«(m0-JV). 
Let me-N^(p, therefore mU = 50 + iN, 

9fM 

— Sin. (p,d<p 



2 ^ 



We have to integrate 



Sm 3m . 

— sin.'' (h „ — sm.* <h 

2 ^ Sm . , 2 ^ 

— — — = sin. d) -h — — -— — 

3m . 2^2 

1 H sin.* d) — + sin.* </> 

2 ^ 3m ^ 



149 



3n^ 
The integral of sin.^^, for a whole revolution, is 

.2 IT, as in Art. 81, Cor. 1. The other term is 

4 

9m^ 8in.* 9w* ... 3m . ^^. , 
f s }sin.*0 8in.*d)J nearly. 

1 + — sinrq> 
2 ^ 

Now» for a whole circumference, 

o ID 

Hence, the whole term is 

9m* (3 15 1 27 .f 5m] 

4 \8 32 j 32 ( 4 j 

And the whole motion of the node, in one revolution of the 

node, 

3m t 9m 4f5 .. 
2xU + — mH. 

4 ' 8 32 ^ 

This is the motion of the node in one revolution of the 
node from the sun to the sun again. Let this = —2Fir: 
therefore this is the motion of the node while the sun describes 
2ir(l —F): and therefore in a year, while the sun describes 

Stt, the mean motion will be greater in the ratio =,. This 

gives for the annual motion of the node. 



Sm 
27r 

4 



{3m 9w»^l 



The mean motion in one revolution of the moon is this x m, 
that is 

3m^ 9w^ 27w*\ 



fSm'' 97nr 27m*\ 

-27r[ +-F— ? 

V 4 32 64 / 



agreeing, as far as the term involving m\ with the expression 
obtained analytically. {Airy, L. T. Art. 72.) 
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(N£WTON, Book III. Prop, xxxiv.) 

85. Prop. To find the horary variation of the incli- 
nation of the fnoon's orbit to the plane of the ecliptic. 

Fig. ]6l. Let A and a be the syzygies, Q, q^^ the 
quadratures; N^ n, the nodes; P the place of the moon; 
Pp a perpendicular on the plane of the ecliptic; mTl the 
motion of the nodes in the instant ^t^ as determined above. 

Let PG, p G be perpendicular to Tm, and join Pg. PGp 
is the inclination of the orbit when the moon is at P, and at 
the end of the next instant the inclination is Pgp^ and the 
difference GPg is the variation of the inclination. The devia- 
tion of Py during this instant, from the plane Pg2\ will not 
sensibly affect the inclination. For if ML be the deviation 
from this plane, as in page 143, we have 

Gg^TG.mTl^ TG^sin. PrjNT sin.^TN. 

Hence as PM in fig. 159 becomes smaller and smaller, Gg be- 
comes larger and larger compared with ML. Hence the angle 
which ML subtends from g^ when the instant is small, is in- 
definitely less than the angle which Gg subtends from P: 
therefore the latter angle GPg may be taken to represent the 
whole change of the inclination. 

Gg. sin. PGp TG. sin. PGp ^ 

Now GPg = -^ PC " PG ''''^•'^ ^^ • 

and, putting for mTl its value, (p. 14S,) 

ML . p_^ . „^„ , . TG COS.PTN 
— sm.PriNTsm.^T'iVr, and for — , -^-^^; 

ML 

GPg = — -COS. PTN Bin. STN sin. PGp. 

Also, as in Art. 81. 
ML^3fn'F.Sf.cos.PTS; and if TP^l, P= P, MP:= VSt 
Hence 

GPg = 3m\rU. COS. PTS . COS. PTN sin. STN sin. PGp. 
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If 'y be the inclination of the orbit, 0, Q\ N, as before, 
"%¥e have VSt = SOy and 

^7 = - Sw^ 50 sin. 7 . COS. {0 - N) sin. {ff - JNT) cos. {9 - 0'). 

In consequence of the ellipticity of the orbit, the mean 
motion in one revolution of P is diminished in the ratio 
I ~ ^ : 1 + <r : (Art. 83 :) and the variation of the inclination 
will be diminished in the same proportion. 

Cob. 1. Supposing ff^ and also N and 7, to be constant 
for a revolution of P, we may integrate in the same manner 
as in Art. 82, Cor. 1 ; and we find thus for the change of in- 
clination during a semi-circumference described by the moon, 

sin. 7 . sin. (0' - JV^) cos. {ff - N) ; 

or, 7. sin. (20'— 2 iV), since 7 is small. 

4 

CoE. 2. If ff — N- <f)f the distance of the sun from the 
node ; then if S<p be any instantaneous increment of this angle, 
and if we suppose S7 to be the corresponding change of the 
inclination with the monthly mean rate of change, by Cor. 1 . 

Sy ::.— S0 ,y .sin,(2ff ^ 2N). 

Let (b^ff-N^me-'N, hence 50 = -^, 
' m 

and ^7 = — S^ . 7 . sin. 2 0. 

Cor. S. When the nodes are in quadratures, 
ff^N^^, cos.(0-0') = sin.(0-JNr); 

57 = - 3111*50 sin.7 cos. (0 - N) sin.(0 -N)\ 

and integrating from quadrature, that is from - iV = 0, the 
change of inclination is 
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sin-Y sin.*(d — N) ; 



and at sjrzjrgjr the change is 



sin-Y* 



(Newton, Book III. Prop, xxxv.) 

86. Pbop. To find the Inclination of the MoofC^ 
Orbit at a given time. 

Fig. 162. Make the foUowing construction. Let AC si, 
represent the mean value of the inclination ; CB^ CD the 
greatest variation on each side of this mean. 

Let CB^CD^fi, and take CE = €j such that 2€-6* = /y: 
with centre C and radius CBj describe a circle, and at the 
point Ef make the angle BEG = 20, in Cor. 2. last Prop. 
Draw GH perpendicular to AC; then AH represents the 
inclination. 

Let EG = p ; then by the triangle G CJB, 

/y =/O^ + €*+2^€CO8.20; 

or, putting for /3* its value, 

2c -6^ = /rf^ + 6' + 2^ccos.20; 
whence we find 

i- = 1 - € - /o cos.20 ^AC-CE- EH = AH. 
26 r 7- 

Hence, S.AH^^Sp. 

€ 

But since /3* = ^o* + e* + 2^6 cos.20, 
we have 

£^esin.20.30 ,,,,„,, g.^^, V^in-^ 0-30 
/OH- 6 cos.20 p + c cos.20 
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Also by the equatiiHi 

2« - 6* « /»*+ €^ -f 2/oecos.30, 

we find 

p + 6COS.20 = ^/{^e - 26* + e'cos.^S^) 

»\/2«.{l -- + -coti.*20 + kc.\ ; 

2 4 ' * 

hence this is very nearly constant, for e is very small. 

OIL * ^ ^^ 2p^sin.2d).5<6 p* /— . ,, 

Therefore, d.AH^^ y^ — 21 = L-.gy/gg.sui.g^ .^0. 

2 

and — is AH. Hence if AH be «, we have 
2e 

d« 41 2 ^y^ 6 . ^0 . « . sip. 2 ; 

agreeing in its form with the equation in Cor. 2. Art. S5, 
Also at the greatest and least values, AH is proportional in 
quantity to the greatest and least inclination : therefore AH 
is always proportional to the inclination. 

Since 26 - e* = /3S e = 1 - \/l - j3* = — nearly, because 

2 

/3 is small; whence 

Ss^2fi.S(p.8. sin. 20. 

(Here is supposed to increase uniformly by the motion 
of the sun and node, which is not exact.) 

Let BEG (2 0) be a right angle, or 

20'-2JNr=^, then S« = j3.«.50; 

and the change of inclination in this case, in one revolution 
of the moon, is known by Cor. 1. of Art. 85, 

, . Sm^TT 3m 
and IS — -^ — 8 =5 — s ,2wm. 
4 8 

u 
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Now whUe 9 increases by 2 tt as it does in Art. 85, Cor. 1, 
<f> increases by ^irm. Hence it appears that )3 is — ; and 



8 



5« = — S<I}.8.2(J), as abready found Art. 85, Cor. 2. 

The whole change of ihclination is between the limits 
1-/3 and 1 + )3, or 1 and 1 + — , so far as the effect 

8 8 

of the mean motion for a revolution of the moon is concerned. 

/ 3fn\ 
Hence if k be the mean inclination, A; f 1 j is the least 

inclination, so far as the monthly mean affects it. 

But besides the effect of the monthly mean, the inclination 
is diminished or increased during the month. If the nodes 
be in quadratures, the diminution while the moon passes from 

quadrature to syzygy is 8 . , as shewn in Cor. 3. Art. 85. 

2 

,/ 3m 3w?\ f 3m 3m\ 

Hence At (1 , Al 1 + — + 

V 8 8/'V 8 8/ 

will be limits of the inclination, when we consider the moon 
in syzygies; 

3m 3m\ . / 3m 3m^' 



and 



, / 3m 3m\ , / 3m 3m''\ 



will be the limits when we consider the moon in quadratures. 

If' the nodes pass from syzygies to quadratures, and the 
moon come into syzygies, the inclination passes from 

, / 3m 3m\ , / 3m 3m\ 

by the effect of the monthly means, and receives a diminution 
of in its passage from quadrature to syzygy ; of which 
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^^minution, one half, , belongs to the monthly mean, and the 

4 

:remainder diminishes the inclination to A| 1 j. 

4 ' V 8 8 7 

If 'y be the longitude of the node, /3 of the sun, l^e have 
by the analytical method, {Airy^ L. T. Art. 6S.) 

8^k\i + — cos.2(7 -)3)} ; 

whence it appears that the coefficient of the first term of the 
variation of the inclination agrees with our result. 

Sect. IV. Analytical Methods of the Solution of 
THE Problem of three or j^ore Bodies. 

THEORY OF THE PLANETS. 

87- Prop. To find the general equations of motion of 
any number of small bodies revolving about a large one, and 
attracting each other with forces which vary inversely as 
the square of the distance. 

Let M be the mass of the central body, m, m\ m^\ &c. the 
masses of the other bodies. The attraction of any one of the 
bodies, as m, upon any other, at any distance, is supposed to be 

m 
(distance)** 

Let the bodies be referred to three rectangular co-ordinates, 
and let a?, y, «, be the co-ordinates of m ; a?', y', «\ those of w' ; 
and so on. Then the distance of m and m* is 

K-^r + (y-y)' + (^'-^rH; 

and the attraction of m' on m is 

m 
{co'-wf + {y'-yf-^(%'-zy' 

If this force be resolved in the direction of the co-ordinates 
oGj y, ar, it will easily be seen that the resolved part in: the 
direction of cV, tending to increase a?, will be, 
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\ {a>' - my + (y' - y)* + («' - *)«}! ' 

which is i. JE^S^SSSSS. 

fit CKV 

In like manner the action of m" on m, resolved parallel to .v 
will be 

- fnm 

a 



m dw 



^ ^ fntn 

Assume X = 



{(^'-^y + (y'-yy + (*'-«)^}^ 



mm 



/ // 

\ being thus the sum of the products of each combination of 
two, of the bodies to, m', m", &c., divided by their respective 
distance. We then have 

1 /dX\ 

m \dw)^ 

the sum of the action of all the bodies m', m", &c. upon m, 

— ) 
dwj 

presenting the partial differential coefficient of the function X 
with regard to .v alone. 

In like manner 

1 (—\ 1 {^\ 
m \dy)^ m \dx) 

would represent the action on m resolved parallel to y, and 
to ^, respectively. 



re- 
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A^ 1 (g) . i, (^,) , i, (g) , 
m \aafl m \dy I m \dz) 

Would in like manner represent the action of all the bodies 
^^9 m"j &c. on rn '^ and so of the rest. 

Let JTp Vy Z he the co-ordinates of M: and now let 
JT-^ w, V + y, Z + «, be the co-ordinates of m, 

-ST+y, F+y', Z + sf', those of m &c. 

then it is clear that the distance of m and m' will still be 

as before: and X being still assumed the same function of 
m, <r, w &c., the resolved forces will still be exprest in terms 
of its partial differential coefficients. Also let r, r\ /', 8cc., 
be the distances of m, m\ m'\ &c. from M\ so that 

The action of m on M^ resolved parallel to the axis of d7, 
acting to the origin, wiU be !^ ; that of m' on Jlf, resolved 

in the same direction, is —^ ; and so of the rest : and similarly 

for the other two co-ordinates. Hence, if 2 indicate the sum 
of all the terms resulting from m, m\ m\ &c., we have, 
collecting all the forces which act on JIf, 

^X mx 
fPY ^ my 

The action of M on m, resolved parallel to a?, and acting from 
the origin, is — ; and the sum of the actions of all the 
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bodies itJby m\ &c., on wi, is — (--) ; hence for the mot:.:5 
of m, 

or, since _^_ = _ + _ =2_ +_^, we fii.* 



»i] 







d^x Mx 
If 



mx 1 (d\\ 



+ 15- +2.^ --(^-j; similarly. 



dPy My my 



m \dyj 



(fz Mz 



Now, make 



mz 1 /d\\ 



m^xaf -v yy + ar«f') ♦»" (a? a?" + yy" + « «") X 



/8 



."3 



m 






and we have 

dR\ vnlx mV 

dx) 






/3 



.'3 



1 /dX\ ^ma? ma? 1 [d\\ 



r' Vdo?/ 1^ m \dxj ' 



Substituting for the latter two terms their value, in the first 
of the above three equations, and putting jm for M + m, in 
the result, we find 

d^x nix ldR\ 



«Urt, . ?1 . «-f . (1?) ; 







dt 
d"x 



)(py 



dsS /ULX (^^\ 
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The investigations of the planetary theory consist in ob- 
'Caining from these equations various integrals. 

88. Pbop. To find two integrals of equations (P). 

Multiply the three equations respectively by 

dw dy dx 

2 — , 2 — , 2 — , 

dt dt dt 

add and integrate; and we have 
IdwY (dyV (dxY 2^ m ^ r^(^) 

For the second terms of each of the three equations give 

fi ( dx dy d«\ 

which is equal to - -— , because a?* + y* + ij?^ = r*. And the 
^ r dt 

integral of this is h — , 2 a being the value of r for 

r a 

^hich the integral vanishes. 

Also, R being a function of <r, y^ z^ which are themselves 
functions of /, if we differentiate with regard to <r, y, z only, 

d(J?) fdR\ dx (dR\ dy fdR\ dz 
dt " \dx) It "*" \dy) dt "*" \dz) It' 

Hence the above equation (Q) is true. 
Again, we find - 



2 d^ ^ dt 



(•' 



dx dy dz\ 
'di^^ di'^^TtJ 



''' df 



dt 
dp a d^y cPz (dxy (dy\^ fdzy 



d'y d^z fdxy fdyy fdzV 
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Hence, multiply the three equations (P) by at^ y, « and 
add them to the integral Q, and wie have 

% de r a ^ dt 
{dR\ /dR\ /dR\ ^„. 

observing that g = - . 

r T 

R is here to be differentiated with regard to the place of m only. 

If the motion take place entirely in the plane of <r, y, so 
that « disappears, we have tT = rcos. 0, y = rsin. 0, being 
the angle which r makes with <r. Hence 

(dR\ _ ldR\ dr /dfi\ de 
[iwj " \dr) d^'^ \de) dw^ 

\dy) " [drj d^"*" [dej 5^' 
r^x/C^-^y^ 0=tan.-»?^. 

Of 

^ ^ dr w dr y d9 y d0 of 

therefore -— 



da; r^dy r^ dw of^ + f^* dy w^ -k-f^' 

Hence, 

ldR\ (dR\ . (dR\ l(v^ + y\ (dR\ 

and the equation (J?) becomes 



^ ^ x^ ^ ' if = °- w- 



2 df 

R being differentiated with regard to the place of m only. 

This equation serves to determine the change produced in r, 
and from thence the disturbance of the place of the body, pro- 
duced by the forces exprest in the function R, The calculation 
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^>f these perturbations however requires us to expand the 
function J?, and to collect the results, hy a long and peculiar 
«et of processes; and for these we must refer the reader to 
other works. See Airy^s Tracts, Planetary Theory, Art. 83. 

JIrs SomervUle^ Chap. ix. Mecanique Celeste. I. Partie, 

Il.iv. II. 



LUNAR THEORY. 

89. Prop. A body P revolves about another body T by 
€he action of a central force^ and is moreover acted on by the 
disturbing forces arising from the mutual attractions of the 
body S ; to find the equations of the motion of P. 

Fig. l63. Let the body P be referred to three rectangular 
co-ordinates, a?, y, «, of which T is the origin. Let TE be the 
axis of w ; Pp a perpendicular on the plane of wy, and pm pa- 
rallel to the axis of y, so that Tm = a?, mp = y, pP ^ x. Let 
pg be perpendicular to Tp\ let the forces which act upon P 
be resolved in the directions of the three lines pT, pq^ pP^ 
and let tbem be, in these three directions P, T, *?, respectively. 

Then if ETp s 0, it is easily seen that 

a force Pcos.d+ Tsin.d tends to diminish ^, 
a foi'de P sin. Q - T cos. tends t6 diminish y^ 
and a force S tends to diminish %, 
Reiiee W6 Ifave, if TP^ p, atid « « tm.PTp; 
w^ p COS. ^, y ^ p sin. ^, X ss ps. 

— — p 'p^ 

dt^ p p 

d^y ^v ^x 

£ as — P- J- T- 

dr p p 

X 
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dx €f.r dy iPy ^P i dx dy\ 

Hence « -. . -.-3, -^ « — . -rr » I -^ -;- + y -r^ I 

dt df di dt p \ dt ^dif 



2T ( dy dx\ 



But 2''*' ^^ ^Jy d^y d \ldx\* tdy\*\ 

®"* ^Ttde^^-didf'dt\\Tt] + Uj ) 

. . d«v </t/ dp dy dx ^dO . 

And 4r-— + y-^=p-^; J^-r-y-r-^p-;"- whence 

d*y d*4r ^ -^y* — . 

Also we find a? -— r - tf-r;^ = T = To. 

df ^ df p ^ 

_ ^y d^x d I dy dx\ d f . d6\ 

^'"'''df'^dF-Tty^dt'^dij^dtyf^'di)' 

therefore, ai{f'-^)^^P (*)• 

Also, we have J\» "^ — -S (c). 

dr 

In these equations, (a), (6), (c), ^ is to be eliminated, and 
then by the expansion of the expressions for P, T and Sj the 
equations are to be integrated by approximation. See Airyi 
Lunar Theory, Art. 32, and the sequel: Mrs SomerviUsy 
Art. 687, and sequel : Mec. Cel. Seconde Partie, Liv. vii. 



CHAP. V. 



ON THE ATTRACTIONS OF BODIES. 

In the preceding Chapter we have supposed bodies to 
be points, and attractive forces to tend to those points. If 
the bodies be of finite magnitude, and if attractive forces 
tend to each point of the mass, the result of all these forces 
will be a single force. In the present Chapter we determine 
the law of this force, corresponding to different laws of the 
elementary forces, and different figures of the attracting bodies. 

Sect I. Geometrical Investigation or the 

Attractions of Bodies. 

(Newton, Book I. Sect, xii.) 

(Newton, Book I. Prop, lxx.) 

90. Prop. The force tending to each point of a body 
being supposed to vary inversely as the square of the distance^ 
the force ewerted by a spherical surface on a point within it 
will be nothing. 

Fig. l()4. Let HIKL be the spherical surface, P the point 
attracted. Through P draw HK^ IL^ cutting off small arcs 
HI^ KL ; the triangular figures PIH^ PEL will be similar, 
and the arcs HI^ KL will be proportional to jffP, LP, 
{Introd. Lemma vi.) And if any number of such lines be 
drawn through P, forming a double cone or pyramid of very 
small angle, the small portions of the spherical surface thus 
intercepted will be as the squares of jffP, LP. Now, these two 
portions of the spherical surface, ultimately, when they become 
indefinitely small, exert forces which are as the portion of the 
surface directly, and as the square of the distance inversely : 
and therefore their forces are equal; and being in opposite 
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directions they will balance each other. And in like manner 
the attractions of any two other portions of the spherical 
surface thus opposite will balance each other : and the whole 
attraction will be nothing. 

Cob. 1. The attraction of a homogeneous hollow sphere 
on a point within it is nothing. 

For the hollow sphere may be conceived to be made up of 
indefinitely thin concentric spherical surfaces, and each of these 
surfaces exerts no action on the point; therefore, the whole 
hollow sphere exerts no action upon it. 

Cob. 2. Hence, the attraction of a hollow sphere upon a 
point in contact with its interior surface is nothing. 

(Newton, Book I. Prop, lxxi.) 

91. Pbop. On the safne supposition^ the force exerted 
by a spherical surface on a point without it, will tend to 
the centre of the sphere, and will be inversely as the square 
of the distance of the attracted point from the centre. 

Fig. 165, Let AHKB, ahkb, be two equal spherical sur- 
faces, of which the centres are S^ s ; and in the diameters BA, 
ba produced, let P, p be the attracted points. 

Let PHK, PIL, phk, pi I, he drawn, in planes passing 
through the diameters AB, ah; and so that the arcs HK^ hk 
are equal, and /Z, il. Draw perpendiculars SD, sd, which 
will also be equal; and perpendiculars SE, se, which will in 
like manner be equal. Let SD, sd meet PL, pi in F, f 
Draw IR, ir perpendicular to PK, pk; IQ, iq to PB, ph. 

Let the angles DPE, dpe become indefinitely small; and 
since DS — ES is always equal to ds — es\ and that DF is 
ultimately equal to DS - ES, and df to ds - es\ DF, df 
are ultimately equal. We then have 

Pl_RL.Pf^df pi^fRim 

PF DF pi ri PF,p% r% ih 
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because the triangle IRH is ultimately similar to irh^ each 
being similar to HDS or Ad«. 

, , PI IQ p8 se , PI.ps IQ 

^g^^»> ^7; *= ^Ti^ ' — = r- ; whence — : « -r- , 

® P«S SE pi iq PS. pi iq 

because SE^se. Hence, multiplying, 

PP 'Pf'ps IH . IQ annulus described by IH 
pi? . PF . PS J'h ,iq^ annulus described hy ih^ 

the annulus in each case being supposed to be described by the 
revolution of the figure round the axis AB, For on this sup- 
position the surface will, ultimately, be as the line IH^ or iA, 
multiplied into the length of its path, that is, into the circle of 
which the radius is /Q or ig; and these circles are as /Q, iq. 

Each particle of the annulus described by IH^ attracts P 

directly with a force which is ultimately as — „ : and this 

force being resolved in the direction P*S, gives a force which is 
particle PQ particle PF 

Tp'Tr '''' ^' '^PT^'ps 

attraction of the annulus in the direction PS^ is as 

annulus PF 
PP PS' 

And, therefore, comparing the attraction, in the direction PSy 
of the two annuli described by IH and iA, and comparing the 
annuli by the above equation, we have 

PF pf 

att. of ann. IH :. att. of ann. ih :: pf-ps*-^-^ : PF .PS . - 

r o ps 



as — ^^g . --— : , or as ■ .^ . -^^^ . Hence, the whole 



" PS" ' ps'' 

By similar reasoning, it appears that the attractions of the 
annuli KLy kl in the direction PSy are in the same proportion. 

And by taking «d, «e, &c. equal to SD^ SE^ &c. the 
whole of the two spherical surfaces are thus divided into cor- 
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responding portions ; and for each of those portions it appears 
that the action upon the particle P tending to S9 is inversely 
as the squares of the distances SPy sp. Also, the lateral forces 
perpendicular to the direction SP are equal, and opposite in 
opposite parts of the sphere, and destroy each other. There- 
fore the whole actions of the two equal spherical surfaces tend to 
their centres, and are inversely as the squares of the distances : 
and therefore the attraction of the same spherical surface at 
different distances follows this law. 

(Newton, Book I. Prop, lxxii.) 

92. JProp. On the same supposition^ if two homogeneous 
spheres of the sam^e density attract two points ; and if the 
ratio of the radius of the sphere to the distance of the attracted 
point he the same in both ; the action upon the attracted point 
will be proportional to the radii of the spheres. 

Let the spheres be separated into particles similar and 
similarly situated with regard to the attracted points. The 
direct attractions to similar particles in the two spheres will 
be as the particles directly, and the squares of the distances 
inversely ; that is, as the cubes of the radii directly, and the 
squares of the radii inversely : or directly as the radii. And 
the resolved actions towards the centre of the sphere will be 
in the same proportion as the direct actions, by the similarity 
of the figures ; that is, as the radii. Hence, the whole action 
in the two cases, being the sum of the actions of all the par- 
ticles, will also be as the radii of the spheres. 

Cor. 1. The attractions of spheres of the same density 
upon points at their surface, are as the radii of the spheres. 

Cor. 2. The same reasoning would apply to any two 
similar solids of equal density, which attract points similarly 
situated lyith regard to the solids ; the attractive forces tending 
to each point of the solids being supposed to vary inversely 
as the squares of the distances. 

Cor. 3. Hence, if two such similar spheroids, of equal 
density, attract points similarly situate on their surfaces, the 
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forces will be as the distances of the points from the centre of 
the spheroids. 

(Newton, Book I. Prop, lxxiii.) 

93. Prop. On the same supposition, the attraction of 
a homogeneous sphere upon a point any where within it, is 
directly as the distance from the centre. 

Let a spherical surface, concentric with the sphere, pass 
through the attracted point. The hollow sphere outside this 
surface exerts no attraction on this point, by Cor. 2, Art. 90 ; 
and the attraction of the sphere within this surface is as the 
radius, by Cor. 1, Art. 92. 

(Newton, fiook I. Prop, lxxiv.) 

94. Prop. On the same suppositiony the attraction of a 
homogeneous sphere upon a point without it, is inversely as 
the square of the attrcu^ted point from the centre of the sphere. 

The sphere may be conceived to be made up of concentric 
spherical shells, which ultimately may be considered as spherical 
surfaces ; and the attraction of each such surface will be, by 
Art. 91, inversely as the square of the distance of the attracted 
point from the centre of the sphere. Therefore, the attraction 
of the whole sphere will be in this proportion. 

Cor. 1. Hence, at equal distances from the centres of ho- 
mogeneous spheres, the attractions are as the spheres. Let 
a, )3 be the radii of the two spheres A, B; a any distance. 
Then, by Art. 92, 

3a 
attr. of A at dist. a : attr. of B at dist. — :: a : 3, 

a 

3a . ffa* 

attr. of B at dist. ^— - : attr. of B at dist. a :: a* : — t- . 

a a 

Hence, 
attr. o{ A at dist. a : attr. of B at dist. a :: a^ : (i^ :: A : B. 
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Cob. S. Hence, at any distance b from B^ 

A B 

attr. of A at dist. a : attr. of B at dist. 6 :: — : 7-. 

a* Ir 

(Newton, Book I. Prop, lxxv.) 

95. Prop. On the same supposition^ the attracting sphere 
attracts another homogeneous sphere with a force which is 
inversely as the square of the distance of the. centres of the 
spheres. 

Let J be the attracting^ B the attracted sphere^ 

The force of the sphere A on any point, varies iii- 
versely as the square of the distance o^ the attracted point 
from its centre, and therefore is the same as if the attractecf 
point were drawn by a single particle placed at the centre of 
the sphere A^ and attracting inversely As the square of the 
distance of the points. And this is true of every point of the 
sphere B ; and the effect is therefore the same as if each particle 
of the sphere B attracted the centre of the sphere A, with forces 
of the same intensity. But in this case, by Art. 9I, the centre 
of the sphere A would be drawn towards the centre of jB by a 
force, which is inversely as the square of the distances of these 
centres ; and by the same force the centre of B would be drawn 
towards the centre of A. And therefore the effect of the attrac- 
tion of A on By is to produce a force varying inversely as the 
square of the distance of the centres of these i^h^es. 

Cob. 1. The attraction on a sphere A by different homo- 

B C 

geneous spheres, 5, C, at distances 6, c, is a^r -<-- , . 

Cor. 2. If A attract B as well as B attract A, the rl^cTidt 
will be the same. For each attraction will produce equal forces 
of action and reaction, by which the bodies aiiB drami tbg^ther ; 
and therefore, on the whole, the force will be doubled, and the 
law win remain the same. 

(Newton, Book I. Prop, lxxvi.) 

96. Prop.^ On the same suppositions^ if two spheres he of 
densities variable in proceeding from the centre to th^ drcufin^ 



169 

ference^ but constant at a constant distance from the cetitre^ 
the whole force with which one sphere attracts the other will 
he inversely as the square of the distance of their centres. 

Let the spheres A^ B, be divided into concentric shells ; 
the density in each shell is uniform by the supposition. And 
hence each shell of S exerts upon each point of J, a force 
which varies inversely as the distance of the point from the 
centre of Bt and therefore the whole sphere S exerts upon 
each point of A a. force, which varies inversely as the distance 
from the centre of B. And this force, ceteris parUms, will 
be as the density of the attracted point of A : and if a shell 
of A be taken, the density in this shell will be constant ; and 
therefore the result of all the forces acting on this shell, and 
tending to B!*s centre, will be inversely as the square of the 
distance of A^s centre from ^''s centre. And this is true of 
all the shells of which A is composed: therefore the whole 
attraction of ^ to ^''s centre is in the same proportion. 

Cor. 1. Hence, if A, By C he similar spheres attracting 
each other, the attractions o{ A to B and C, at equal distances, 
will be as 5 to C : 

B C 

— to ^ 
b' c" 

Cor. 3. The above attractions are the accelerating forces 
on Ay or forced which are measured by the velocity produced 
or added in a given time. But the moving forces on A^ or 
forces measured by the momentum produced, are at equal 
distances as A » B and A . C. 

The pressure which produces motion is known, by the 
laws of motion, to be as the nlomentum produced in a given 
time. And this pressure is the weight of one body towards 
another, or the force requisite to sustain it so that motion 
may be prevented. Hence, the weight of a sphere A towards 
a sphere £ at a given distance, in as A . B : 

Cor. 4. And at any distance 6, of their centres, it is 

A,B 

as -— r— . 



Cor. 2. And at unequal distances 6, c, as — to ^ . 
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Cor. 5. The same is true when the attraction is mutual, 
as in Cor. 2, Art. 95. The attraction will be doubled, and 
the law will remain the same. 

Cor. 6. If the spheres revolve upon their axes, the same 
law of attraction will remain unaltered. 

(Newton, Prop. xci. Cor. S.) 

97- Prop. The force tending to each point of a body 
being sv/ppoaed to vary inversely as the square of the distance, 
a spheroidal shell of indefinitely small thicknesSj bounded by 
similar and concentric spheroidal surfacesy tvHl ewert no at- 
traction upon a point situate within it. 

Fig. ] 66. Let ADFE^ HKLI be two similar and spheroidal 
surfaces, of which the common centre is S. Draw two lines, 
DEy FGj through P, the attracted point, meeting the surfaces 
in 2>, £, H, I and F, G, JT, L. The lines DH, EI will be 
equal ; for if we bisect DE in Jtf, M will also be the bisection 
of HIj by the similarity of the figures : in like manner, FK 
is equal to GL. 

Let lines drawn through P form a double pyramid or 
cone of small angle. The portion of the spherical shell 
DHKF, will ultimately be equal to DHfk ; Df and Hk 
being planes perpendicular to PD. In like manner, EILG 
will ultimately be equal to Ellg^ similarly determined. 

And since the thicknesses D/T, EI of these particles of 
the shell are equal, the particles will be as the planes D/, 
Eg\ that is, as DP^^ EP^^ by similar figures. And the 
attractions of these particles being as the particles directly, 
and as the squares of the distances inversely, are equal. And 
they are opposite; therefore they destroy each other. In 
like manner, the whole spheroidal shell may be resolved into 
pairs of particles, which destroy each other's effect, and the 
resulting attraction is nothing. 

CoR. 1. The attraction of s, concentrically homogeneous 
hollow spheroid, bounded by similar and concentric spheroidal 
surfaces upon a point within, is nothing. 
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For the hollow spheroid may be conceived to be made up 
of indefinitely thin shells bounded by similar concentric sphe- 
roidal surfaces; and each of these shells exerts no attraction 
on the point, by the Proposition. Therefore the whole hollow 
spheroid exerts no attraction. 

Cob. 2. Hence, the attraction of such a hollow spheroid 
upon a point in contact with its interior surface is nothing. 

Cor. 3. If a point be placed any where within a solid 
homogeneous spheroid, the attraction will be as the distance 
from the centre. For let a similar and concentric spheroidal 
surface pass through the attracted point. The hollow sphe- 
roid outside this surface exerts no attraction on this point 
by Cor. 2. and the attraction of the spheroid inside the 
surface is as the distance from the centre as in Art. 95. 

(Newton, Book I. Prop, lxxxviii.) 

98. Pbop. The forces tending to each point of a body 

being supposed to vary directly as the distance^ a body of any 

figure tvill exert upon any point a force which tends to the 

centre of gravity of the body^ and varies in the distance of the 

attra^ited point from that centre. 

Fig. 167. Let Z be the attracted point ; and let A^ B be 
two particles of the attracting body. Then the forces to A 
and B will be as J . AZ and B . BZ : and if G be the centre 
of gravity of A, JB, the force A.AZ may be resolved into 
two forces, in the directions respectively of the lines ZG, GA 
which will be as ^ . ZG and A . GA. In like manner the force 
B. BZ may be resolved into B . ZG and B . GB. And by 
the property of the centre of gravity A . GA = B . GB ; there- 
fore the two forces in GAj GB destroy each other ; and the 
point Z is attracted towards G with a force {A + B) ZG. 

In like manner if we take a third particle C, and com- 
pound its attraction (C . CZ) with the force {A + B) GZ, 
tending to G, we shall find a third force tending to the com- 
mon centre of A^ B, C, and equal to A -{' B + C multiplied 
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into the distance of Z from this centre. And this force will 
be the whole effect of A^ B^ C And the effect will mani- 
festly be the same as if J, B^ C were collected in their 
common centre of gravity. 

In like manner if we take an indefinite number of such 
particles, that is, a solid body, the whole effect of their at- 
traction will be the same as if they were all collected in their 
centre of gravity : therefore the force will tend to this centre, 
and will vary as the distance from it. 

Sect. II. Analytical Investigation of Attractions. 

99. Prop. A spherical shell of indefinitely small thick- 
nessy being composed of particles attracting according to a 
given law ; to find the attraction on any point. 

Let «S, fig. 168, be the centre of the spherical shell, SE^ 
its radius = a ; EF^ its thickness = Sa; P the point attracted ; 
PS = r, PF^f^ F being any particle ; and let PSE = 0. 

Suppose two planes FSP^ GSP9 passing through SPj to 
make with each other a small angle FDG « 50, FDG being 
a plane perpendicular to PD. Then, 

FG = DF .Sip = a sin. . S(p. 

And if we suppose ESe = 50, Ee = aS0 ; and the solid con- 
tent of the small portion of the shell EFGe will be 

50. Sa . S0 . a*sin.0. 

Now when this portion is indefinitely small, its attraction 
on P may be considered as that of a single particle at the 
distance/. Let 0(/) be the function of/ expressing the law 
of attraction ; then the attraction of the elementary solid Ge 
on P will be 50 .Sa.S0.a^ sin. . (/). To reduce this to 
the direction PS^ we must multiply it by 

PD r - a cos. 
PF' "'■ f ' 
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hence, the attraction towards S, is 

r — a COS. 



Sip .Sa.iO.a^ sin. . (pif) . 



/ 



and the quantity which multiplies S0 being considered as 
a differential coefficient, and integrated from ^ to £, we 
shall have the attraction of the slice AEB towards S 

» 50 . 5a ^a' sin. . 0(/) . . 

The attraction, by altering the angle 50, manifestly varies 
in the same ratio ; hence, for the whole shell, we must put 2 tt 
for 50, and we have for the whole attraction 

27ra oa^sm. . 0(/) ^ = ^, suppose. 

Smce/^ = r* - 2ra cos. + a% -; = ( -^ J , 

the differential coefficient when r alone is supposed to vary. 
Hence, J = 27^a^5a^sin. 0.0(/) . I — j . 

Now let ff^(f) = 0i(/)> and we have, since 0(/) is the 
differential coefficient of 0i (/), 



(%^) = *</) ■ (f ) ■ 



Hence, if we take -B = 27ra*a^sin. 00i(/), we shall have 



dB 

dr 



= 2xa'.5a/flsiii.0.(^^^) 



= 27ra'.5a/esin.0.0(/). f^] =A 
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for since the variations of Q and of r are independent, it makes 
no difference whether we perform the differentiations before or 
after integration*. 

Now, since /* = r* — 2ra cos. Q + a*, we have 

and sin. = — . -i- ; 

ra dd 

hence, B _/j/0.(/) j£ __ /^/.^,(/). 

The int^ral is to be taken from d *> 0, to « 9r ; that is, from 
f'^r-a, to/= r-^a. If fff. 0,(/) = ^{f), we have for 
the whole figure, 

T 
J J? 

And the attraction = -4 = — — is thus known. 

dr 

For a point within the shell, the process will be the 
same, except that the integral must be taken between the 
limits a '\' Ty and a — r. 

Ex. 1. Let the force of each particle vary inversely as 
the square of the distance. 



• If F be a function of r and 6, and B^f^ F, 

dB df^F 
dr dr 

dB dFd'B d^B 

^"* W-^' 77 - died? "^ JTle • 

(Lacroix, Ehm, Treat, 122.) Hence, integrating to 6, 



dF d'B rdF dB _d/0F 
since -j^^j-^, jQ^^— ^_ 
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Here0(/) = i; 0,(/) =^.^(/) = -^; 



^f=f/f<l>rif)--f> 



B = {(r - o) - (r + a)} = - - 



9 

r 



A = 



dr r 

The surface of the shell is 47ra^; and hence its mass is Afwa^^a^ 
and the attraction is the same as if the mass were collected 
at the centre of the sphere. 

Ex. 2. Let the force of each particle vary as any power 
of the distance. 

Let *(/)=/*, whence (hJf) = i , V'(/) = 7 -r, ^^ 

(n + 1) (/i + 3)r ^ ^ ' ^ 

^'ra'a r „ . , (n + 2) (/* + 1) ._, , 
n + 1 ^ 2.3 

+ — ^-- 1^'^a^ H- &c. J . 

And ^ = ^ = 4.a»3« {r»+ (" + ^)(^-0 ^-V 
dr ^ 2.3 

+ (^ + 2)n(» -!)(«- 3)^.,^,^ ^^^ 

*rhis series terminates, if n be a whole positive number. 

If n= 1, or n= -2, that is, if the attraction varies directly 
as the distance, or inversely as the square of the distance, the 
terms after the first vanish ; and the attraction is the same as 
if the mass were collected at the centre of the sphere. 
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r 

Hence, if the particles exert a force which is as fitr + — , 

tlie whole force will be the same as if the mass were so col- 
lected; for we may suppose the shell to consist of particles 
which attract with forces mr, and of an equal number of 

Others which attract with forces — . 

r 

If n = - 1, or n = — 3, the integrations for ^i^f) fail, 
and we must employ other methods. 

Ex. 3. Let the force vary inversely as the cube of the 
distance. 

naSa . r — a 
B = I 



r r + a^ 



^ dB TraSa f 2ar 



{2ar i^""^! 



Ex. 4. Let the force vary inversely as the distance, 

Ex. 5. The force varying as any power of the distance ; 
to find the attraction on a point within the shell. 

fn+Z 

As in Ex. 2, \]/(f) = - ^ , 



47r 



« c «j.^ (^ + 2) (n + 1) ^1 ., 



w + 1 * 2.3 



O Q /I ff 3 ' 
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dr 



I 3 



3.4.5 



} 



If n = - 2, or the force be inversely as the square of 
the distance, we have A = 0\ the attractions in different di- 
rections counterbalance each other. 

100. Prop. To Ji/nd the attraction of a sphere conir 
posed of particles attra^cting a>ccording to a gioen law. 

If in the last proposition we put u for a, consider the 
coefficient of Sa or Su as a differential coefficient, and inte- 
grate from t^ = 0, to u = ay we shall have the attraction of 
a solid sphere of radius u. 

By this means, from the expression for A in Ex. 2, we 
find for the attraction of a sphere 

4>7ra^ , (n + 2)(n - l) Sr^-^a^ ^ . 

ir^ -^ ^ '. + &c.}. 

3 ^ 2 5 ^ 

In the cases where the attraction of a shell is the same 
as if the matter were collected at the centre^ the attraction 
of a sphere will also follow the same law. For the sphere 
may be supposed to be composed of concentric shells, each 
of which attracts as if it were collected at the centre, and 
therefore the whole sphere will attract as if all its parts were 
there collected. 

101. Peop. To find the attraction of a circle on a 
point in a line perpendicular to its planer and passing 
through its centre. 

Let BCj fig. 169, be the circle ; P, the attracted point ; 
iS'P = r, PE=f SE any radius =::t^, and SF a radius in- 
definitely nearly equal to this, so that EF = Su. Let a small 
angle FSG^^hi^ then the quadrilateral EG^u.Stp.Su. 
And, if the law of the attraction be represented by 0(/), 

Z 
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the attraction of EG is Sip.iu.u.ipif)^ which, resolved in 
the direction PS, becomes S(f>.Su.u.fp(f) - -. And for 
the whole annulus whose breadth is jBJF, we must put Stt 
for S(f>; whence it becomes Sttw^w . 0(/) . -. Hence, the 
attraction of the whole circle 

^^'n-f^uipif)-; where /=:v^(r« + «^); 

the integral being taken from u^O^ to u = a^ the radius of 
the circle. 

n~X 

attraction = 27rr/|t^(r* + w^) * 

47rf n-f 1 

- (r* + u^) 2 + constant 



n+ 1 



n+ 1 *^ ^ ^ 

Ex. 1. Let » « — 2, or the force vary inversely as the 
square of the distance. 

Here, attraction « 47r < 1 77-5 rr > . 

Ex. 2. Let the circle be infinite, and n<-l. 

In this case (r* -f o^) * becomes 0, and we have, put- 
ting -m for n, 

attraction = 



(m - 1)^™"*' 



If m s 2, or the forcie vary inversely as the square of the 
distance, attraction s 47r, and is the same at all distances. 
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102. Peof. To find the attracHofi of a solid of re- 
voluHon on a point in the awis. 

We must here multiply the attraction of the circle, found 
in the last Proposition, by the thickness £r, for the attrac- 
tion of a differential slice ; and if we then put for a its value 
in terms of r, and integrate the coefficient with respect to 
r, we have the attraction of the whole solid. 

Ex. 1. The attraction of a cylinder on a point in its 
axis; fig. 170. 

attraction =» Xi^(^ + «^ * - r*+*} 

n+3 



= i!L_j(jl+£)Z:_j:::L + constant}, 
n + l^n + S n •\' 3 J 



If BSC and B'S'C be the two ends of the cylinder, 
and if PS^b, PST = b\ PC = c, PC = c, we have 

attraction = ^ ~ - , {e'-+» - c«+» - (6'-+» - 6'-+^}. 

(» + l)(n + S)^ 

If the force vary inversely as the square of the distance, 
« = - 2, 

attraction = 47r{fe' - 6 - (c' - c)}. 

Ex. 2. The attraction of an infinite solid bounded by 
planes. 

From last Prop. Ex. 2, we have 

4^ /• 1 47r f 1 11 

attraction = / -—r = 7 -r-z -r irrri "" T^jr^f » 

where 6 is the distance of the attracted point from the sur- 
face of the solid. 

If m = 2, attraction = 47r(r - 6) = 47r x thickness. 
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If m = 3, attraction = SttI 7 • 

b 

If fn>3, the attraction is finite, when r is infinite, and 
we have 

*^ 

attraction » 7 77 -;,^ , . 

(w-l)(fii-3)6*"' 

Ex. 3. The attraction of a cone on a point at the ver- 
tex. 

In fig. 171, let PS- r, ST = fcr, and putting kr for a 
in last Prop. 

attraction =« — ^ j^^'*'*{(l + Ap*)^ - l \ 



Where r is to be made = PA the axis. 

12s. Prop. To find the attraction of a straight Une 
v/pon a point at any distance from it. 

Let 5C, fig. 172, be the attracting line, P the point 

attracted: P«S, perpendicular on BC^ = r^ SE = Uj PE^f; 

and let the force of each particle be as (pif)- We may 

suppose EFf an indefinitely small portion, to be Su ; and its 

attraction on P will be (p(f)Su; and the part resolved per- 

r 
pendicular to BC will he --(p(f)Suj where /= /y/'(r* + «•). 

The coefiicient is to be integrated from w = 0, to u=: a=i SB, 
for the attraction of SB; and the attraction of SC is to be 
found in the same manner, and added to the former. 

The attraction of ^t^ parallel to SB, will be ^ ^{f)^u', 

which is to be integrated in the same manner as before ; and 
the difltrence taken, of the parts belonging to SB and to SC 
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Ex. tiCt the force vary inversely as the square of the 
distance. Here 0(/) = — ; 

Jr T tL 

attraction perpendicular to PS^ { tz sr; = tt-s . 

And this is to be taken for SB and for SCy and the results 
combined. 

For the attractions of spheroids and ellipsoids, see Airy^ 
Fig. Earth, Articles 8 and 41. 

S^t, III. Thb FiauEE OF THE Earth. 
(Newton, Book III. Prop, xviii.) 

104. Prop. The equatareal diameters of the planets 
are greater than their awes of resolution. 

The planets are supposed to be homogeneous masses, of 
which the parts are in equilibrium. 

If a mass of homogeneous fluid be at rest, and acted upon 
only by its own attraction, it will be in equilibrium when it is 
in ihe form of a sphere. For the attraction will in this case be 
equal on all points of the surface, and every point will be 
similarly situated with regard to the surrounding parts, and 
can therefore have no reason to move in one direction or in 
another: all the points will therefore remain at rest by their 
mutual action. 

But if a mass of homogeneous fluid revolve on an axis, it 
will no longer be in equilibrium in a spherical form. For in 
consequence of the motion of revolution, all the parts will have 
a tendency to recede from the axis, and will not keep their 
relative places except they be retained by the pressures and 
attractions of the other parts. And if the largest section per- 
pendicular to the axis of revolution be called the equator^ 
the parts about the equator, being farther from the axis, and 
moving quicker than the rest, will tend to recede from the 
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axis more than the others, and will recede, except they be 
restrained by some opposing force, which acts upon them more 
than upon the other parts ; and in the spherical form there will 
be no force, thus acting unequally on different parts ; therefore 
there cannot be equilibrium. 

If the mass assume the form of an oblate spheroid of re- 
volution, having for its axis the axis about which the fluid 
revolves, there is an unequal attraction upon the parts about 
the pole and about the equator : also the form and quantity of 
the fluid is different in those parts of the figure: theredfore 
there may be some adjustment of the form of the spheroid by 
which equilibrium may be preserved, when the fluid revolves : 
the tendency of the equatoreal parts to recede from the axis 
being counteracted by the greater dimensions of those parts 
and the greater effect of the attraction upon them. 

In what follows we suppose the attractive force of each 
particle to vary inversely as the square of the distance. 

An oblate spheroid has its equatoreal diameter greater than 
the polar, a prolate spheroid has the polar greater than the 
equatoreal. 

105. Pbop. In a homogeneous symmetrical oblate sphe- 
roid very little different from a sphere, the ratio of the semi- 
diameters being 1 + e : 1 ; the attraction of the inscribed sphere 
on a point at its surface, of the spheroid on a point at its 
pole, and of the same spheroid on a point at its equator j are 

€0 

respectively as \, l + a?, l + e — . 

If we suppose, in the oblate spheroid, a sphere to be in- 
scribed, having the same axis as the spheroid, the part of the 
spheroid outside the sphere will be a stratum thickest at the 
equator and thinning off symmetrically towards the two poles, 
which stratum is called a meniscus. The attraction on the 
point at the pole of the spheroid is equal to the attraction of 
the inscribed sphere, together with that of the meniscus. The 
attraction of the sphere on a point at the surface, the density 
being given, is as the radius. Let b be the polar semidiameter, 
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and (l +€)b the equatoreal : the attraction of the inscribed 
sphere may be represented by 6, and if bx represent the at- 
traction of the meniscus, 6(l + ^) will be the attraction of 
the oblate spheroid on a point at its pole. 

If instead of adding the meniscus to the inscribed sphere, 
we take away an equal meniscus, we obtain a prolate spheroid 
of which the axes are b and (l — 6)6 ; and of which the attrac- 
tion on a point at the pole is the attraction of the sphere minus 
the attraction of the meniscus. And the attraction of this 
meniscus is manifestly, when e is small, ultimately equal to 
that of the former ; therefore 6(1 - a^) represents the attraction 
of the prolate spheroid on a point at the pole. 

In like manner if we circumscribe a sphere about either 
spheroid, the attraction of this sphere on a point at the surface 
will be &(!+€); and if we have a prolate spheroid of which 
the semidiameters are 6(1 + 6) and 6, (its pole being supposed to 
lie in the equator of the oblate spheroid,) the attraction of this 
prolate spheroid on a point at its pole will be 6(1 + e) (l - a?). 

Now if we compare this prolate spheroid, the oblate sphe- 
roid, and the circumscribing sphere, it will appear that the 
first differs from the second, and the second from the third by 
semimeniscuses which are of the same kind, and ultimately 
equal: and the attraction of these semimeniscuses will be 
equal. And the attraction of both = attraction of circum- 
scribing sphere — attraction of prolate spheroid on pole 

= 6(1 + e) - 6(1 + €)(1 - 0?) = 6ar(l -f e). 

Therefore the attraction of one semimeniscus = -6a?(l + e). 

Hence the attraction of the oblate sphere on a point at its 
equator = attraction of circumscribing sphere — attraction of 

semimeniscus = 6(1 + e) — 6a?(l + e) ; or, since a? and c . are 

small, so that their product may be neglected, attraction of 

oblate spheroid on a point in its equator = 6( 1 + e j . 
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Cor. 1. By the application of Art. 103, or by other methods 

(Airy^ Figure of the Earth, Art. 8.) it may be shewn that the 

4 

attraction of the meniscus on a point at its pole is-ftc 

Hence j? = — and l + e — = l + — . The attractions of 

5 2 5 

the oblate spheroid on a point at the pole and at the equator 
respectively arc 5fl + — j and 6(1 H J . 

Cor. 2. If the spheroid be divided by concentric and 
similar surfaces, the attraction of each of the hollow ellipsoids 
on a point with it is nothing. Hence the attraction on points 
within the ellipsoid, is their attraction to the ellipsoid in the 
surface of which they are. And hence the attraction at dif- 
ferent points in the same semidiameters, will be as the distance 
from the centre. Art. 9^. Cor. 2. 

Cor. 3. Hence if we take a concentric spheroid of which 
the polar and equatoreal semidiameters are r and r(l 4- e), the 
attractions at the extremities of these semidiamet^^ will be 



(*+t) '^^'{''■t)- 



If T be the time of revolution of the spheroid, then at the 
distance r from the axis the velocity is -— - , and the centri- 

fugal force is -— — , (Art. 27) ; and is as r. 

In the case of the earth, T :±i 23^ 5& = 8616^" ^ and at the 
equator r = 3985 miles nearly ; and the velocity which expresses 
the force of gravity at the surface is 32^ feet a second ; hence, 
nearly, 

.^ . . . 47r' X 3985 x 5280 , 1 

centnfus^al force : ffravity :: • ; ^ ■ ,^ : S2r :: — : 1. 

^ (86l64)« ^ 289 
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106. Pbop. To find (he proportion of the awis of a 
planet to its equatoreal diameter by NewtovCs method, 

(Newton, Book III. Prop, xix.) 

Let there be a hypothetical spheroid of which the axes are 

as 101 to 100. Then e is here , and the polar and equa- 

100 ^ ^ 

toreal attractions are as 1 h and 1 H , or as 1,008 and 

500 500 

1,006. And the attractions at proportional distances from the 
centre in the polar and equatoreal semidiameters are in this 
same proportion. If these two semidiameters be divided into 
the same number of proportional parts, the parts will each be 
in the proportion 100 to 101, or 1 to 1,01. Hence the weight 
of the columns which lie in the direction of the polar and equa- 
toreal diameters will be as 1 x 1,008 to 1,01 x 1,006, or as 1,008 
to l,0l6, or as 1 to 1,008 nearly. Hence if the rotatory velocity 
be such as to take off the fraction ,008 from the superficial 
equatoreal weight, the equilibrium of the spheroid will subsist ; 
for the centrifugal force will then take off the same fraction of 
the weight from each particle in the plane from the equator. 
Therefore the equilibrium will subsist if the centrifugal force 
be ,008 of the equatoreal gravity: that is, if the centrifugal 

8 1 

force be , or — - of the whole equatoreal force. 

1008 126 ^ 

The centrifugal force, in the case of equilibrium, must be 
as the excess of the equatoreal semidiameter : for the centri- 
fugal force must balance the attraction of the meniscus, and 
the excess of the equatoreal column in length ; and these are 
each as the excess of the equatoreal semidiameter. Hence the 
excess of the equatoreal semidiameter for any other centrifugal 
force will be found by a proportion. 

Now the centrifugal force in the case of the earth is — 

^ 289 

of the equatoreal gravity: and in the hypothetical spheroid 

. . 1 , 11 11 

It is — ; hence — - : :: — : , 

126 126 289 100 229 

and the ratio of the diameters of the earth is as 229 to 2S0. 

Aa 
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Tlie radius of tbe earth ia about $985 miles ; hence the 
excess of the equatoreal semidiameter is about 14 miles. 

CoE. 1. If c be the ratio of the centrifugal force to gra- 
vity at the equator, the proportional parts of the polar and 
equatoreal axis, multiplied into the forces which act upon 
them will be 

1 X (l + y) and (1+ 6) X (1 + — - cf) ; 

4ff , 8e • . • 

or, 1 + — and 1 + c, omiitmg €*, 

5 5 

and these must be equal, whence c « — . 

Hence c is known from €, and converse v. 

CoK. 2. If T be the time of revolution, the centrifugal 

^TT T 4*71^7' 

force at distance r « -7=r- • Hence c « ^^ : and e is in- 

Tersely as 7^. 

If the density vary in different cases, the attraction will 
vary in the same proportion ; the centrifugal force will bear 
to the attraction a smaller proportion; and the excess of the 
equatoreal diameter must be diminished in the same proportion 
in which th6 density is increased. 

The earth revolves in 23^ 56', Jupiter in 9** 5ff. Hence 
the ellipticity of Jupitar would be to that .of the earth as the 
squares of these numbers, that is, as 29 to 5. Also the density 
of Jupiter is to that of the earth as 94^ to 400 (taking Newton's 
numbers :) hence the difference of Jupiter's semidiameters 



be to his smaller semidiameter as — x — ^ x — or as 1 to 9I 

5 94^ 229 ^ 

nearly. 

It appears by mathematical investigation (Airy, Fig. Earth, 
27.) that when the figure of the planet is an elliptical spheroid* 
there is an equilibrium among the pressures of all parts, as 
well as between Hhose of the equatoreal and polar canals. 
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CoA. $. The force of gr&rity *t Um equator h to diat at 

the pole asl+ ctol+ — » that is^ as 1 to 1+6, ultimately. 

And Me /orce of gravity increases in going from the equator 
to the pole; and the increment is nearly as the square of 
the sine of the latitude. {Airy^ Fig. Earth, Gs.) 

Cob. 4. The direction of gravity is the direction of a 
normal to the surface of the spheroid ; and two places on the 
same meridian differ a degree in latitude, which are so situated 
that their normals are inclined to each other one degree. Such 
normals of the elliptical spheroid will meet nearer the surface 
when the places are near the equator, and further from it when 
the places are near the pole. Hence the linear length of the 
degrees of latitude on the earth'^s surface will be smaller nearer 
the equator and larger nearer the pole. {Airy^ Fig. Earth, 75.) 

107« Prop. The action of the Sun and Moon upon 
the protuberant parts of the elliptical spheroid will produce 
a Precession of the Equinoctial Points^ and a Nutatum 
of the Earth's Axis. 

(Newton, Book III. Prop, xxi.) 

This appears by the reasoning of Art. 74. It may also 
be shewn by eonsidering the effect of the attraction of the sun 
upon the protuberant meniscus of the spheroid. For the 
effect of this attraction, if the earth were at rest, would be to 
gire to the spheroid a motion of rotation by which the axig 
Would tend to become perpendicular to the line drawn from the 
sun to the earth^s centre : and this motion of rotation, com* 
pounded with the diurnal rotation which the earth possesses, 
will produce a rotation about a new axis, as stated in Art. 75. 
And thus there will be a perpetual change of the axis, which 
when properly investigated is found to give rise to a precession 
of the equinoctial point. (Airy^ Precession, l6.) 

Also the attraction of the moon will produce a similar 
effect ; and this, depending on the position of the moon^s orbit, 
will periodically alter the position of the earth'^s axis with 
regard to the ecliptic, and produce a lunar nutation* 



188 

In tbese effects the moving force is the attraction of the 
sun and moon upon the protuberant meniscus of the spheroid : 
and the quantity of matter moved is the whole mass of the 
earth. The moving force is small compared with the inertia, 
because the thickness of the meniscus is small compared with 
its diameter, and its diameter small compared with the dis- 
tance of the attracting bodies. Hence the effects just de- 
scribed will be very small. 



Sect IV. The Tides. 

108. Peop. a Flux and Rejluw of the ocean will 
be produced by the attraction of the Sun and Moon. 

(Newton, Book III. Prop, xxiv.) 

It has been shown in Art. 73, that if a spheroid be co- 
vered with water, and revolve on its axis in consequential 
the waters will be elevated about the octants after syzygy. 
Hence, there will be high water about 3 hours after the 
attracting luminary is on the meridian. The moon attracts 
the waters more than the sun does ; hence, the time of high 
water will be about 3 hours after the moon passes the me- 
ridian. When the sun and moon are in syzygy, the high water 
due to the one is added to the high water due to the other, 
and the tides are greatest. When the sun and moon are in 
quadratures, the sun produces the highest water at the place 
where the moon produces the lowest; and the apparent tide 
is only the difference of the effects. At other times, the tide, 
which by the action of the moon would be 3 hours after her 
southing, and by the action of the sun 3 hours after noon, 
will be at some intermediate time, but nearer to the former 
time. When the moon is going from syzygy to quad- 
rature, the 3 o^clock of solar time precedes the 3 hours of 
lunar reckoning, and high water is before 3 hours of lunar 
reckoning ; and the interval will be greatest a little after 
the moon^s octants: as the moon passes from quadratures 
to syzygies, the time of high water will in like manner fall 
behind the third hour of lunar reckoning. 
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Such would be the case in the open sea : but the effects 
of shallow places, narrow seas, and continents, may retard the 
time by several hours. 

If the globe of the earth were covered with water, the 
effect of the moon would be to convert this globe into a prolate 
spheroid, the pole of which would follow the moon^s motion 
at an interval of about 3 hours. And the protuberance of this 
spheroid may be considered as composed of two meniscuses 
or waves, one under the moon or at some hours after, and one 
on the opposite side of the earth. In like manner, the sun 
would produce two such waves ; and the joint action of the two 
luminaries would produce a spheroid which also may be consi- 
dered as compounded of two such waves. And all places by 
their diurnal revolution are carried through both these tidal 
waves, and thus have high water twice in 24 hours. And the 
height of high water will vary according to the relative position 
of the sun and moon, and will go through a cycle of magnitudes 
twice a month. At or near new and full moon, there will be 
the highest or spring tides; at or near the first and third 
quarters of the moon will be the lowest or neap tides. 

109. If we suppose, in a prolate spheroid of small 
excentricity, to represent the angle made with the axis by 
any line r drawn from the centre to the surface, we shall have 

r ^ a -k- h COS.* nearly, 

where a is the mean radius, and h is the elevation of the pole 
of the spheroid above its equator. And if the pole of the 

IT 

spheroid have a declination S from the equator of the 

earth; and if be the difference of the longitudes of any 
place on the equator and of this pole, (that is, the hour angle 
of the luminary which is on the same meridian as the pole 
of the spheroid), we have cos. <J) = cos. sin. S, 

r = o -f A sin.* 5 cos.* = o + - sin * 5 (cos. 20+1) 

= o + - sin.*S + - sin.* 5 cos. 20. 
2 2 
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In the course of a diurnal revolution of the earth, $ cbanges 
through a dreumference, but S reraaifls constant ; therefore 

tt+ - sin.* 5 is the mean value of r, and - sin.* 5 cos. 20 is 
2 2 

the elevation or depression of the surface above the mean, 
that 19, the tide, in anj state, at any moment of time< 

In like manner, if h' be the elevation of the pole of the 
spheroid produced by another luminary, 0' its hour angle 
from the meridian of the same place, S' its angular distance 
from the pole of the earth, 

— sin.'* ^' cos. 20' 
2 

will be the elevation or depression produced by this spheroid 
at the place. 

When the excentricity of the two spheroids is very small, 
(as is the case in the tidal spheroids,) the elevation or de- 
pression resulting from the joint action of the luminaries, 
will be the sum of the separate elevations or depressions; 
that is, if ^ ^ be the whole elevation above the mean 

H = h sin.^ 5 . COS. 20 + A' sin.* S> cos. 20'. 

But, in consequence of the retarding causes just spoken of, 
the pole of each spheroid will not be directly under the lu- 
minary, as it would be in the case of equilibrium, but will 
follow the luminary round the earth, and come to the me- 
ridian a certain time after the transit of the luminarv. Hence, 
calling \ and \' the angles which determine these times, the 
elevation at any point in the compound spheroid is 

^^-^A{8in.*5cos.2(0-X) + Vsin.*5'cos.2(0'-X')}. 

And this spheroid revolving round the earth, produces a flux 
and reflux at each place twice in 24 hours. 

110. The angles and & go through a whole circum- 
ference in about 24 hours ; and by this change H twice at- 
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tains itM nuuumuvi and twice its mininiuin in that tim^. The 
value oi ff^Q remains nearly constant for this period : and 
the value of ff for the maximum and minimum (the hours of 
high and low water) will be hereafter determined. (Art. 113.) 

The height of high water varies with the value of 0' — 0. 
The highest high water is when the poles of the two spheroids 
coincide. (Art. 108.) 

In this case d-X-d'-X': hence 0'-d«X'-X; 

and ^ « (A' sin.«5' + h sin.* 5) cos.2(0' - X') : 

By the diurnal revolution ff —W changes through a circum- 
ference, and the greatest and least values of -^^ are when 

0'-X'=O, and 0'-X'=7r. 

The sum of these is the elevation of high above low water, or 
the whole tide ; and it is A'sin.^^' + h sin.^^. 

The lowest high water is when the poles of the two 
spheroids are distant by a quadrant. In this case 

d-X = ^-X'H--, cos.2(0-X)= -cos.2(0'-X'). 

Hence H^ (A'sin.^^'- Asin.2^)co6.2(0'- X'). 
The whole tide in this case is A'sin.^5' — Asin.^5. 

If we suppose the luminaries to be in the equator, or 
neglect the eflFects of declination, the proportion of the greatest 
to the least height of high water is h! -{■ h to h' - h* 

This is the proportion of spring tides to neap tides. Tides 
of each kind occur twice in one revolution of ff - Q, 

We suppose 0, X, A, 5 to refer to the sun, ff^ X', h\ ^ to 
the moon. Hence A' is greater than h. 
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111. Pftop. The Time, Height and Circumstances of 
the Tide at each place unll be determined by local con- 
ditions. 

The whole terrestrial tide which would exist if the earth 
were entirely covered by water, would present nearly the same 
circumstances at all places. But the formation of such a tide 
requires a very large portion of the earth^s surface (for ex- 
ample, 90^ of longitude,) to be open sea. And the tides 
which exist in narrower seas, as the Atlantic and the northern 
seas, are derivative tides, which flow from the general tides 
in the southern seas. When the tide thus enters narrow seas, 
it is modified by the form of the shores and depth of the 
channel, and takes considerable and various intervals of time in 
reaching different points. The general tide would travel from 
east to west, but the Atlantic tide turns northward, and 
travels from south to north ; so that it is high water at nearly 
the same moments of absolute time on the coast of Guinea 
and Brazil, of Spain and New York. As it advances farther 
north, the tide turns eastward through the English Channel, 
and is 7 hours in travelling from Brest to Dover. Another 
wave of this tide travels northward on both sides of Ireland, 
and so reaches the North Sea. 

Also, two tides may reach the same place by different 
courses. Thus, the tide-wave which enters the English Chan- 
nel at 4 o^clock, reaches the North Foreland at 12 ; but the 
tide-wave which branches off from this on the west coast of 
Ireland, being in a more open sea, travels faster, reaches the 
Orkneys at 9 o'^clock; then turning southward, moves along 
the east coast of Scotland and England, so that it is at 
Peterhead in Aberdeenshire at 12, and in 12 hours more it 
reaches the North Foreland, where it is met by the tide from 
the south, of 12 hours later origin. 

In like manner, the tide which takes two hours only to 
sweep the western coast of Ireland, occupies 6 or 7 hours 
to pass the east coast of the same island, through St George^s 
Channel; and the two tides meet in the neighbourhood of 
the Isle of Anglesea. 



193 

The pleciiliar drcumstailces df ea^h place are represented 
iti the fortntila by the particular values of X and X'. 

Thus it appears by Mr Lubbock^s examination of the 
tide observations made at the port of London, (Companion 
to file Almanac, 1830. p. 59.) that for the London Docks we 
must have \^3^ 29™i X'= 1** 29": X' referring to the moon and 
X to the sun. And heuce, the two tides will coincide when the 
difference of Right- Ascensions of the sun and moon is 2 hours: 
that is after ^ of a month, or 2^ days from syzygy. Hence, 
the greatest tide will be 2^ days after new and full moon. 

It appears by the observations at Bredt, th&t the highest 
tide arrives at that poi't vety nearly a day and a half after 
the syzygy to which it corresponds. At this time the difference 
of the time of transits of the sun and moon is 115°^ nearly. 
The solar tide is 4^* 24."* after the sun'*s transit, and the lunar 
tide is 3^ 9" after the moon^s transit. These coincide when 
the distance of the sun and moon is 1*^ 15"* in time, and we 
then have the greatest tide. 

112. Peop. In general the Mean Retardation of the 
Tide will he equal to the Mean Retardation of ike Moon'^s 
Transit : 

But the least Retardation in a semi-lunation, will be 
when the Tides are greatest, and vice versa. 

The moon comes to the meridian nearly 48 minutes later 
every day. The compound tide is intermediate between the 
lunar and solar tide, but nearer td th^ fonller, dnd coincident 
with it both at quadrature and syzygy. (Art. 108.) Heirce, in 
the course of a month, the mean timed of the tide will be 
regulated by the mean motion of the moon, and thfe mean 
retardation of the tide will be the same as that of the moon. 

Since the compound tide is earlier than the lunar tide 
when the moon is going from syzygy to quadrature, and later 
than the lunar tide when the moon is going from quadrature 
to syzygy (Art. 108 ;) the tides before syzygy will be later than 
the mean time, and those after syzygy sooner than the mean 

Bb 
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time. Hence, the intervals of the tides at syzygy are less than 
the mean intervals, and at quadratures they are greater. The 
moon passes the meridian later and later every day, the mean 
retardation being about 48 minutes a day, and the lunar tide 
being always at the same interval after every transit, would be 
retarded 48 minutes every day : but in consequence of the com- 
position of the solar tide with the lunar, the retardation is least 
at syzygies, when the tides are greatest, and greatest at syzygies 
when the tides are least. The retardation of the tides on two 
successive days at syzygies is 39 minutes, at quadratures it 
is 75 minutes. These numbers, which are given by observation 
at Brest, are the same which result from theory. (Syst. 
du Monde, p. 278, and hereafter Art. 114.) 

113. Prop. To compare the results of thebry and obser- 
vation with regard to the Time of High Water. 

We have the expression already given for the height of the 
water at any moment, (Art. 109,) 

jy = Vsin.*5'cos.2(0'- V) + Asin.*Scos.2(e - X),...(l) 

to find where the water is highest, differentiate with regard 

d9 
to 0', and suppose — ^ = 1 ; (the value being really 

au 

solar day 29 i v , 

— ^ or — nearly) ; hence, 

lunar day SO 

dH 



de 



= -2A'8in.*5'sin.2(e'-\') -2Asin.25sin.2(d^\). 



At the point of maximum this is ; therefore, at the moment 
of high water, 

/^» f^ /^ sin. o . /- 

and ff-d-\' + \ = <p, whence 6 -X'^ ff -\' - (p. 
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sin.2(e'- X') = - csin.2(0'- X'- 0) 

«= -C8in.2(d'-X')co8.20+ ccos.2(0'-X')sin.20, 

hence taii.2(d^-X0 = ^ •••(2)- 

"^ 1 +CCOS.20 ^ ^ 

Suppose the values of c, X, X' known ; we may assume different 
values oi — ffy that is, different ages of the moon ; and hence 
from the value of = 0' — — X' + X we have the values of 
ff — X^ and ff^ that is the hour angle of the moon corresponding 
to high water. 

Thus at the port of London, let the moon pass the me- 
ridian at 1 oVlock, therefore Q-ff^l^: also (Art. Ill,) 

X = 3** 29", X'= 1** 29™, whence X - X' «= 2'* : and = l'*. 

And (as will be shewn) 

1 , ,^, ,^ sin.30« 

c = ^ ^ ; hence, tan.2(^ — X ) = — — , 

2,6l67 ^ ^ 2,6167 + COS. SQo' 

whence 2(0"- X') = 9^ 20'= 37" nearly. 

Hence, (9' - X' = 18^", and ff = 1^ 46^"" nearly. 

It appeared by observation that when the moon passed at 1^, 
the tide followed at the interval of 1** 47*". (Lubbock^ Com- 
panion to the Almanac, 1830. p. 58,) 

The agreement of the observed with the calculated times, 
(taking the mean of the observed times for a considerable 
period,) is found to be equally exact in the other cases. 
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The following is the tfible calculated by means c 
above values: 



Time of 


Time that the 


Moon's 


Moon's Southing 


Soothing. 


precedes High Water. 


Boun. 


Ifotirs. Minutes- 





2 


1 


1 47 


2 


1 32 


S 

• 


1 17 


4 


1 4 


5 


55 


6 


54 


7 


1 6 


8 


1 32 


9 


1 58 


10 


2 10 


11 


2 9 



Lubbock^ p. 64. 

114. Pbop. yo compare the R^tctffiation of tfie 
at the tim^s of tf^e MoqrCs syxygy ar^ quadrature. 

We have at high water, sin.2(0'-X') = —c sin. 2(0 
and e'-e-V+X = 0, d'-X'=:0-X + 0, 
whence sin.2(0 - X + 0) = - c sin. 2 (6 - A), 
sin.2(0 -X) COS. 20 + cos.2(0 -X) sin. 20 = - c sin. 2 (6 

/n XX sin.2<3f) . ^ 

tan.2(0-X)= ^ ...(3), 

c + cos. 2 
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when (b^O, d «» X : and if a be the semidiurnal increase of 
ff^Oy we shall have at the next tide ^ = a, nearly, and 

,^ .V sin. 2 a 

tan.2(d-X) = - 



c + cos.2a 
whence, if a be a small arc (it is about 6^^) we shall have 

- X = nearly ; « X = X - -7 — r a ; 

for, neglecting the effects of declination, c ^-p' 

Hence -7 — 70, is the alteration in the distance of the 
h + h 

place of high water from that of the sun when ^ = ; and, 

converted into time, is the semidiurnal retardation of the tide 

upon the sun. 

When = or at syzygy, the tides are highest, hence 

h' 
the retardation at that period is -7 — - a. 

h -\- h 

When = — or at quadrature, the tides are smallest, and 

here also by (8) 

tan.2(0-X) = O, 2(0-X) = 7r, 0-X = ~. 

2 

And at the next tide, ^ = - + a nearly ; hence 

sin. 2a ^^ ^v ^<^ rt ^ '''' « 

tan.2(0-X)* , 2(0-X) = 7r + , 0-X = ---- , 

^ ^ c-cos.2a c-1 2 1-c 

a h 

the retardation is or --, — -a. 

1 — c h — n 

Hence, the retardation at spring tides is to that at neap 
tides as b' — h to h' + h. 

Cor. When the moon is in syzygy, 0'— = 0, ^ = X-X, 

sin.2(X -X') 



tan.2(0-X) = - 



/\ ' 



c + cos.2(X -X) 
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the hour of high water when the moon is in sjzygy is called 
the eatabUshment of the port If e be this quantity, 

sin. 2 (\ - \') 

tan.2(€-X)= ^- — ^. 

"^ ^ c + cos.2(\-\') 

115. Peop. The two Tides on the same Day will be 
unequal^ ewcept the Sun and Moon be in the Equator. 

The action of the sun and moon produces the tidal sphe- 
roid. And the protuberance of this spheroid may be considered 
as composed of two tidal waves, one following the moon and 
the other opposite to this. When the sun and the moon are 
not in the equator, one of these may be called the northern 
and the other the southern tidal wave. And all places by 
their diurnal revolution: are carried through both these tidal 
waves, and thus have high water twice in 24 hours. Now, 
places in the northern hemisphere pass nearer to the pole of 
the northern tidal wave, and places in the southern hemisphere 
nearer to the pole of the southern : and hence the tides are 
alternately greater and less. The greater tide, when the moon 
has N declination, the latitude being Ny will be the superior 
tide, or that at the third lunar hour : when the moon^s declinar 
tion becomes &\ this will be the smaller tide, (and vice versa for 
S latitude.) And the greatest difference of the superior and 
inferior tide will be at the solstices, because then the poles of 
the tidal spheroid are most oblique to the equator: and still 
more if the ascending node of the moon be in the beginning of 
Aries, by which this obliquity will be further increased. 

Thus in these latitudes, in winter the morning tide is 
larger than the evening tide, and in summer the evening tide 
is larger than the morning tide. The difference is about 1 foot 
at Plymouth and 15 inches at Bristol, according to Newton. 

Also at Brest according to Laplace (Syst. du Monde, p. 86,) 
in the syzygies which occur about the summer solstice, the 
tides of the morning of the first and second day after the 
syzygy are smaller than the evening tide by about 7 inches ; 
and greater by about the same quantity in the syzygies at 
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the winter solstice. In like manner, in the quadratures at the 
autumnal equinox, (when the sun is in the equator but the 
moon out of it), the morning tides of the first and second days 
after the quadrature exceed those of the evening by about 
6 inches, and fall short of them by about the same quantity 
in the quadratures of the vernal equinox. 

116. Laplace has treated the problem of the tides in a man- 
ner different from that above explained. He considers the tides 
as undulations which are excited and maintained in the fluid by 
the forces of the sun and moon, and which have periods of the 
same duration as the periods of the intensities of these forces. 
The tide which occurs twice in 24 hours is the first of the 
resulting undulations, the period being half a day. The second 
kind of undulation is one of which the period is a day, and 
this, combined with the preceding kind, causes the inequality of 
the two tides on the same day. He observes that the magni- 
tude of the diurnal tide at any place, and its influence on the 
semidiurnal tide, will depend entirely upon the local circum- 
stances : the former tides may be insensible ; or they may in- 
crease so as entirely to render the latter insensible. It appears 
by calculation that the difference of the two tides of the same 
day will disappear if the depth of the ocean be everywhere the 
same. Again, under peculiar circumstances the difference of 
the two semidiurnal tides may itself become the tide, as in the 
following case.* 



* Laplace considers that Newton*s explanation of the different magnitude of 
the two tides on the same day is erroneous, and observes that we may learn from 
this error to mistrust the most plausible trains of reasoning when not verified 
by strict calculation. (Syst. du Monde, p. 273). I do not conceive the objection 
thus made to Newton^s views to be well founded. That view which Laplace sub- 
stitutes for them is in fact the same reasoning under a different form. The 
diurnal periodic character of the forces which act upon the sea, consists in this, 
that the form of equilibrium which they would produce at intervals of a day is 
the same, but at intervals of half a day different. And whether we consider 
these forces as producing diurnal undulations according to laws of hydrodynamics, 
or consider the fluid as tending to the states of equilibrium which are thus 
possible, the effects on the circumstances of high and low water will be the 
same. Laplace says, that if Newton^s explanation were the right one, the two 

semi- 
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Suppose two equal tides to come by different routed to the 
s^tntf port, one arriving 6 hours before the other, and occurring 
3 hours after the mobn^s southing. If the moon, at thid south- 
ing, was in the equator, there ^ill arrive, every six hours, equdl 
tides, which will supply each other^s low water, and caus^ the 
water to remain without visible tide for a whole day. Now let 
the moon have declination ; then the tides will be alternately 
greater or less, as has been shewn : and hence there will ar- 
rive at the port alternately two greater and two IieIss tides. 
The two greater tides will produce the highest water at the 
intermediate time ; between one greater and the next smaller 
tide the water will be at the mean height, and between the two 
smaller tides the water will be lowest. Thus in 24 hdur6 there 
will not be two tides but one tide ; and the greatest height, 
if for N lat. the moon have N dec. will be at 6 hours or at 
30 (af 24 + 6) hours after the moon^s southing ; and when the 
moon has S dec. the least height will occUr at that time. 

Such phenomena occur at the port of Batsham in Tun- 
quin, in N lat. 2(y 50'. The two tides appeik' to come by 
the two channels which run, one from the China seas betwe^ti 
the Continent and the island of Luconia; the othfer froih the 
Indian sea between the Continent and the islaiid of Borneo. 
(Newton.). The phetiomena are described by Mr Davenport 
in the Phil. Trans. Vol. xiv. p. 677. 

117. Prop. To Jlnd the Force of the Sun to disturb 
the form of the ocean, 

(Newton, Book III. Prop, xxxvi.) 



semidiurnal tides at Brest should be very unequal instead of very nearly equaL 
But the great disparity of these tides would occur only if the globe were en- 
tirely covered with water, whereas in fact the tides which we have here, are 
derivative tides from the general tide in the southern seas, modified by their 
transmission along the whole length of the Atlantic 

It appears in the text that the very instance in which Laplace shews that 
the diurnal tide may completely cover and conceal the semidiurnal (that at 
Batsham) is deduced in the most complete and satisfactory manner from Nei^- 
ton\4 mode of treating the matter ; and Newton himself has so deduced it 



* » 
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The force of the sun to disturb any particle of the ocean 
vill be exactly the same as the force of the sun to disturb the 
motion of the moon, taking account of the different distance of 
the disturbed body from the earth's centre. If q be the peri* 
odic time of a body revolving in a circle at the earth''s surface 
by the force of gravity, P being the period of the earth about 
the sun, and g the force of gravity, we shall have for the dis- 
turbing force on any point, tending to the centre of the earth, 

— - as in Art. 76 ; and if w be the an^e made, by the radius 

of the earth at the point, with the line joining the centres of 

the earth and sun, -— - cos. (a is the disturbing force parallel 

to this latter line. At quadratures the former is the only 
disturbing force, and tends to the earth'*s centre : from quadra- 
ture to syzygy there is a force accelerating the motion of a 
particle which revolves in that direction: at syzygy there is 

a force acting from the centre* Hence the total dif- 

ference of the force at a point under the sun and at a point 
9(fi from this, will be —— - ; and this is the force which disturbs 
the form of the spheroid. 

If a be the radius of the earth, r the distance of the sun 

TJt 

from the earth, and — the force of the sun on the earthy 



■ . _ ij w r a 

we have, since Foe pi » ;5 • ^ •• ;p • 3» 

and the sun^s disturbing force = _; = ~ . 

In like manner if / be the distance of the moon from the 

, , fi» - , , Sm a . - • ,. 

earth, and -^ the moon s attraction, — j-- is the moon s dis- 

turbing force. 

Cc 
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But we have F. I!. ^'.^'; 

hence - - -^, — j- = — p- . 

If P be meMured in seconds, g is the velocity AcquircdEa 
in one second. If « « S985 miles « 3985 x 5S80 feet, 

P 1 865^ X S4 X 60 X ^, 

we have, for the solar disturbing force in feet, 

18 X (8 1«6)« X 8985 xjggo ^ ^ ^ 

(865^ X 24 X 60 X 60)« 

and the proportion of this to gravity, is l to l£S6890<^ 
nearly. 

Cob. 1. If we suppose the spheroid acted on by the 
solar disturbing force to assume the form of equilibrium, the 
protuberance at its pole will be determined by the formulie 
of Art. 106, and we shall have 

k 5 disturbing force I5ma 15^'« 
a 4 gravity 4fgr^ P g 

h being the difference of the semi-axes of the spheroid. And 
if we suppose the fluid to tend to the form of equilibrium, 
the elevation of the protuberance will still approximate 
to the same quantity. Hence, it appears that the sun would 
produce an elevation of the water at the pole of the tidal 
spheroid, amounting to 2 feet nearly. 

Cob. 2. Hence, C being a constant quantity, we shall 
have A = —^ ; and in like manner U = — -^ ; and equation (l) 
of Art. 118. becomes 

^ = C fc sin.«5 COS. 2 (0 - X) + ~ sin.» 5 cos. 2 (d' - \')l . 



118. P&op. To find th€ Force of the Moon $o Miturb 
the form of the ocean. 

(Nbwtok, Book III. Prop, zxzvii.) 

The force of the moon will produce effects on the ocean 
of the same kind as the effects of the force of the sun, and the 
proportion will be found from the proportion of the effects. 

It has been seen (Art. 110,) that the heights of the spring 
tides and of the neap tides are in the proportion of V-f A 
to A' -A. According to Newton, in the river Avon, three 
miles below Bristol, the whole ascent of the water at the 
vernal and autumnal syzygies is about 45 feet ; at the quadra- 
tures it is 25 feet. Hence, A'+ h : h' -h :: 4t6 : 25 :: 9 ' ^ 
and A' : A :: 7 : 2. 

At Plymouth the mean tide is \6 feet, and the excess 
off the height at sysygies above that at quadratures is 7 or 8 
feet. Hence the greatest and least tides are about 80 and 
12, or A' + A : A' - A :: 5 : 3, whence A' : A :: 4 : 1, 
which is not much different from the former proportion. 

Newton adopts the former value, or c « - « — which 

^ ' 7 3,5* 

makes the effect of the moon S^ times as great as that of 

the sun. 

It 18 also shewn. Art. 112, that the retardation of the tide 
at syzygies and quadratures, is in the proportion A' — A to 
A' + A. Now, in the table of the times of high water at 
London, p. 196, it appears that the greatest retardation of the 
tide is when the moon passes the meridian at 8 hours; for 
then, while the moon is retarded 1 hour, the tide is retarded 
1 hour 26 minutes. Also, the least retardation is when the 
moon passes at 8 hours ; for then, while the moon is retarded 
1 hour, the tide is retarded 1 hour minus 15 minutes, or 45 
minutes. Hence, we have, by this observation, 

h'+h : A'-A :: 96 : 45 and A' : A ;: 131 : 41, 

whence c = — nearly. 
3,2 -^ 
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Neither of the above methods is very accurate. By ob- 
servations of the tide at Brest, Laplace calculated the ratio 
of the forces of the sun and moon on the ocean, and found 



1 



2,6167 

Cob. 1. The greatest height of the solar tide was found 
to be 2 feet nearly ; and if we suppose the lunar tide to be 
3 times as great, the whole tide will be about 8 feet ; which, 
modified by the causes already pointed out, is sufficient to 
produce the appearances which are observed. 

Cob. 2. The force of the moon is S times that of the 

sun, and therefore of gravity. This is too small to 

4289400 ® -^ 

be detected by observations on pendulums. It only becomes 

sensible in its effect on the ocean. 

119. Pbop. To determine the Maes of the Moon. 

We have (Art. 117,) 

, Cm ,, Cm' , h m r^ 

Also, the Horizontal Parallax of the sun and moon, or the angle 
which the eartVs radius subtends at the luminary, is inversely 
as the distance. Hence, if TL and O' be the parallaxes, 

m IP 

m' n'* 

It is found that H = 8"54, 0'= 57^34" : and if we take 
Mr Lubbock^s value of c, 

l^g- f • 7^ = ^^S' ^ = 9.52452 ; and we find 

m n* 

m ~ 21688000 ' 
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The mass of the earth is of that of the tun : 

354936 

hence, the mass of the moon is - — of that of the earth, 

61,1 

according to this method of determining it. 

But we may also determine the mass of the moon by 
knowing her periodic time : for by Art. 57, if e be the mass 
of the earth, 

— ?5~ : -T :: (moon's per.)*: (earth's per.)*:: 1 : (,0748018)*- 



T 



Hence, omitting e and m with respect to m, 



m r^ 



3 = (0748013)*. And if 



m T^ ^ _ m 1 , m 1 

loff- — 7 -T = 9,52452, we find —7 = and — « ; 

^ m' r* m + c 59,8 e 58,8 

which represents the mass of the moon as compared with the 
earth. 

The moon's mass, determined from Laplace's observations 

on the tides at Brest, is ; from the effects of precession 

74,94 ^ 

it appears to be — . 

120. Peof. The Height of the Tide is affected by changes 
of the Declination and Parallax of the Sun and Moon. 

The value of ZT, as already given, depends on sin.*^ and 
sin.*^; and is less as each of these arcs S and ^ deviates 
from a quadrant. This is the result of theory for the general 
tide ; and it is found that the tides at particular places exhibit 
in some degree the effect of this condition. 

The effects of the sun and moon depend upon their dis- 
tances ; and the smaller the distance the greater is the effect, 
and this in the proportion of the inverse cubes of the distance, 



as has already been seen. This is the same as the direct 
proportion of their parallaxes, or of their apparent diameters. 

Hence, in winter, when the sun is in perigee, his effect 
is greatest ; and hence, the tides are then somewhat greater in 
syzygy, and less in quadrature, than they are in summer. la 
like manner the moon, at the part of her lunation when she is 
in perigee, causes greater tides than she does 15 days sooner or 
later when she is in apogee. Hence, the greatest tides of all» 
which arise from the syzygy of the sun and moon both in 
perigee, cannot occur at two successive sysygies. 

121. Prop. To find the Figure of the Moon. 

(Newton, Book III. Prop, xxxviii.) 

If the body of the moon be fluid, like our ocean, the 
attraction of the earth will produce upon it efi^ects similar 
to those which the moon produces upon the earth: that is, 
it will form it into a prolate spheroid, of which the axis 
will be turned to the earth. And the force by which the 
earth thus affects the moon, will be to the force by which 
the moon affects the ocean, as the earth'*s attraction to the 
moon^s attraction, and as the moon^s radius to the earth^s 
radius jointly : that is, as the earth^s mass x moon'^s diameter 

to the moon^s mass x earth^s diameter. Taking — for the 

proportion of the moon to the earth, and -— for the pro- 
portion of the diameters, we have 

earth'*s force on moon 75 x 100 



moon^s force on earth S65 



20,5. 



Now, the moon produces on the earth an elevation of about 
6 feet : hence, the earth would produce in the moon an ele- 
vation of the surface of about 123 feet: and the diameter 
of the moon which is directed towards the earth will be greater 
than the diameters perpendicular to this by 246 feet This, 
therefore, is the form of equilibrium of the moon, and that 
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which she must from the first have had a constant tendency 
to assume, till it was attained. 

Cor. It is a consequence of this spheroidal form of the 
moon, that the same face is always turned to the earth ; for if 
the moon were in any other position, there would be a tendency 
to return to this position, and she would return to it, pass it, 
and oscillate about it till it was attained. But the forces 
which produce this oscillation being small, the oscillations 
must be very slow ; and hence, when the unequal angular 
motion of the moon about the earth, combined with her 
equable angular motion about her axis, causes her face to be 
turned somewhat away from its mean position, the force is 
not strong enough to draw the pole of the spheroid into the 
direction of the earth immediately. The face of the moon is 
constantly turned very nearly towards that focus of her ellip- 
tical orbit, in which the earth is not ; for the angular velocity 
of a body revolving in an ellipse about a force in one focus, 
is very nearly uniform about the other focus. 

Hence arises the Libration of the Moon in Longitude, 
(Newtcm, Book III. Prop, xvii.) 



CHAP. VI. 



UNIVEBSAL GRAVITATION. 

122. In the preceding chapters we have assumed the 
existence of forces varying according to some mathematical 
function of the distances from the points to which they tend ; 
and have deduced the properties of the motion of bodies 
acted on by such forces. In the last chapter but one we have 
supposed several bodies to act upon each other upon the same 
assumption, and have calculated their motions. We have also, 
in illustration of this investigation, assumed that such actions 
take place between the earth, the sun and the moon, and have 
thus calculated the perturbations of the moon^s elliptical mo- 
tion which would take place. Finally, in the last chapter we 
have assumed the separate parts of the globe of the earth, 
and of the moon, to exercise the same kind of action, and 
have determined, upon this supposition, the leading circum- 
stances in the equilibrated form of the solid masses, and in 
the motions of their fluid covering. 

Many of the calculated results agree in a very remarkable 
manner with the phenomena of the earth and heavens, and 
thus give a great degree of probability to the assumed laws 
of action. But the evidence of the truth of these laws acquires 
a far higher kind of probability, when the laws upon which the 
observed phenomena must depend, are examined according to 
the order of their generality : the mode of action of different 
parts of the system in particular being first considered, and the 
laws thus separately inferred being afterwards compared with 
each other. It is then found that all these laws are but par- 
ticular cases of one general law ; that not only all the different 
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bodies in diiFerent parts of the universe exert the same kind of 
force on each other, but that every particle of each body also 
exerts the same kind of force; and that all the particular modes 
of action, which were before viewed as distinct, are only mani- 
festations of one general mode of action, which prevails univer- 
sally in every point of the material universe. This truth, 
incomparably the most comprehensive, elevated, and fertile in 
consequences, of any discovery ever made in the knowledge 
of external nature, was gradually more and more clearly ap- 
prehended, and at last fully established by Newton, about the 
years l682 and 3. We shall point out the manner in which 
the diiFerent phenomena of the solar system lead us through 
a series of steps to this general doctrine. 

123. Peoi». The Primary Planets {Mercury^ Venusy 
Earthy Mars, Jupiter^ Saturn^ Uranus,) revolve about the 
Sun in virtue of Forces which tend to the Sun, and are 
inversely as the squares of their distances from the centred 

That the planets and the earth, in the order in which 
they are above enumerated, revolve about the sun in orbits 
nearly circular, is a doctrine established by Copernicus and 
his successors in philosophy, and capable of being proved 
by incontrovertible reasonings. 

Attempts have been made to explain the motions of the 
heavenly bodies by means of material connections between them 
and the centres about which they move: such pieces of ma- 
chinery were sometimes supposed to be transparent and solid, 
and were then conceived as crystalline spheres; or they wer6 
asserted to be fluid, and to revolve like a whirl of water or 
air, and were then called vortices. All these attempts were 
found to be quite inadequate to account for the movements 
of the stars such as they are observed ; and the existence of 
such a frame-work of the heavens being also utterly unsup- 
ported by any evidence of the senses, there is no longef 
a single tenable argument for it. 

We are left therefore to the remaining supposition, that 
the heavenly bodies revolve in a space which is empty, or 

Dn 
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nearly empty of inert matter; and that their movements are 
regulated, not by material agents with which they are in 
contact, but by the forces of bodies acting upon them at 
a distance. They must therefore be governed by the laws of 
motion established in the previous part of this work ; and the 
propositions already demonstrated concerning the effects of 
forces will apply to them. 

124. If a planet were acted upon by no force, it would 
go on uniformly in a straight line. Hence a planet moving 
in its curvilinear path, must be perpetually deflected from the 
tangent by some force tending towards the side on which 
the path is concave. 

The planets move about the sun nearly in circles, and 
nearly uniformly; and therefore they describe about the sun 
areas which are either nearly or exactly proportional to the 
times. Therefore (Introd. Prop. 2.) the forces by which 
they are acted upon, deflected from the tangents of their paths, 
and compelled to describe their orbits, tend either exactly or 
very nearly to the sun. 

Let . it be supposed that the forces tend exactly to the 
sun, the small error, if there be any, not beiqg taken into the 
account at this stage of the investigation. We have then a 
number' of bodies revolving in circles about the same centre : 
and the variation of the force which acts upon these bodies 
act different distances from the centre may be ascertained, 
knowing their periodic times and distances from the sun, 
by means of Prop. 4. Cor. 7. of the Introduction. 

It was discovered by Kepler, and is called his third Law, 
that the squares of the periodic times are qs the cubes of 
the mean distances from the sun. From this it follows, 
Introd. Prop. 4. Cor. 6, that the forces are inversely as the 
squares of the distances from the centre. 

In order to see how nearly this law of force agrees with 
the phenomena, we have given the following Table. The first 
column contains the period of the planet in terrestrial days. 
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the fourth columu contains the planet'^s distance from the sun' 
(the mean distabce, or semiaxis of the orbit, the orbit being 
an ellipse) the distance of the earth being 10. These numbers 
are taken from jLop/oce, Syst^me du Monde, p. 122. 

Let P be the period, and R the mean distance; then if 
the force vary inversely as R\ we shall have P^ocR^: or 
/* a kR\ Hence, 2 log. P = 3 log. R + log. k. Whence it 
appears that on the supposition of the truth of the law, 
fi log. P — 3 log. R ought to be constant. 

The second column of the Table contains log. P, the third 
2 log. P, the fifth log. jB, the sixth 3 log. R ; the seventh con* 
tains 2 log. P - 3 log. j8, obtained by taking the difference of 
the numbers in the fourth and seventh columns. 

It appears that for each of the planets this difference ii 
very nearly 2,125, the logarithm corresponding to the number 
13^3363. 
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The greatest deviation of one ratio from another only 
amounts to ^^5 of the whole: and this deviation may pro- 
perly be referred to the slight inaccuracies in the observation 
of the elements of some of the orbits, to the motion of the 
}danet about the common centre of gravity of itself and the 
sun, instead of about the centre of the sun ; and to the 
mutual perturbations of the planets. 

Hence the law of fcHrce above mentioned is the true law 
of force in this case, considering the orbits as circles. 

The orbits however are not exactly circles, nor are the 
motions of the planets exactly uniform. It was discovered 
by Kepler and is called his ^rst Law^ that the orbit of Mars 
is an ellipse having the sun in the focus ; another discovery of 
Kepler, his second Law, is that the motion of the planet at 
its perihelion is more rapid than the motion at the aphelion, 
in such a proportion that the area described about the sun at 
the two places are equal. This inference was afterwards ex* 
tended to other parts of the orbit of this planet, and to the 
orbits of the other planets. 

From the second Law it follows, Introd. Prop. 2, that the 
planets are retained in their orbits by forces tending to the 
sun. From the first Law it follows, by Prop. 11, that the 
force at different distances in the same orbit varies inversely 
as the square of the distance. 

This law of variation of the force in different orbits^ 
supposing them to be ellipses and not circles, also follows 
from the third Law of Kepler, by Prop. 15. For the mean 
distance given above is the same thing with the semiaxis 
major of the elliptical orbit, and the squares of these semi- 
axes in such orbits, when the force varies inversely as the 
square of the distance, are, by the Proposition just quoted, 
as the cubes of the periodic times. 

If the law of force deviated at all from the inverse square 
of the distance, the angle between the apsides would be dif- 
ferent from 180°, by Art. 53, Now it is found that the motion 
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of the perihelia of the planets is very slow, and therefore the 
deviation from the law of the inverse square is either none at. 
all or very smidl. 

Thus the secular sidereal motion of the perihelion of the 
earth's orbit is, 3646'^ centigrade. This is in one year S6>^ 
nearly. Hence the angle between two successive perihelia 
is 400,0036 instead of 400: or in Art 53. G : F :: 1,000009 : 1. 
Hence it appears that the index of the force, in the case of 
different distances in the earth^s x»rbit,'does not differ by more 
than ,000000000018 from the number 2. 

Hence it appears that both in the orbits of different planets 
and in different parts of the same orbit, bodies are actuated 
by a force tending to the sun and varying inversely as the 
square of the distances ; and therefore in all parts of the solai^ 
system, we may conceive such a force to be diffused and to 
act upon the primary planets. And we may consider the 
Proposition above enunciated as established by induction^ 
from the particular instances. It is Prop. 2, Book iii. of the 
Principia. 

125. This law was thus established by induction from 
the planets more anciently known, before the discovery 6f 
Uranus. But this new discovered planet, as appears from the 
table, agrees with the law as exactly as the others. In lik^ 
manner the small planets still more recently discovered, Cecea^ 
Juno, Pallas and Vesta, the orbits of which lie between those of 
Mars and of Jupiter, also agree with the law. These planets, 
besides differing from the others in being much smaller, differ 
also in having their orbits much more excentric and more 
inclined to the ecliptic than the larger ones; but the ratio 
of P^ to it^ deviates from the mean, little more or not at all 
more, than the others, as appears by the following table : 
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126. Prop. The Satellites of Jupiter and Saturn re- 
volve about their respective Primaries in virtue of Forces 
which tend to the Primary, and are in each case inversely 
as the distances from the centre of the Primary. 

(Newton, Book III. Prop, i.) 

The Satellites revolve round their primaries in orbits 
which are nearly circles, the centre of the primary being the 
centre. And the verification of the law of force here asserted 
must be conducted in exactly the same manner as was done 
for the primary planets revolving about the sun, in the last 
Article. The following Tables exhibit the calculation. 

The deviation from the mean in the case of the third 
satellite of Saturn is so great that we are led to suppose that 
its distance from Saturn has been erroneously assigned. The 
exact determination of the elongations of the satellites of 
Jupiter and Saturn from their primaries by observation, is 
an object which has not, as yet, engaged much of the at- 
tention of modern astronomers. 
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The near approximation of the resulting differences ia 
equality in each ease proves the truth of the law. 

Uranus has six satellites at present discovered, but the* 
difficulty of observing them has prevented astronomers hitherta 
from obtaining^ data sufficient for the verification of KeplerV 
third law in thi» instance. Their greatest elongations from 
the planet hsve been observed, and the d)>ration of their 
revolutions has been calculated by assuming the truth* of the 
law. In the case of the second and fourth satellite however, 
which are the best known, theise calculations are confirmed 
by. observation, 

127. Prop. Tke SctteUUes of Jupitev and Saturn are 
aMracted by the Sun with Accelerating Forces which are the 
same, at the same distances, as those by which their Pri- 
maries are attracted by the Sun. 

If a body P revolve in a ciricle roandi a body 7^, and both 
be equally attracted by a distant body S,^ it has appearl^^ 
(Art. 64.) that P's^ motion abotit T will be alterhately ac- 
celerated and retarded equally in oppoisite portions* of it» 
orbits, but that T will st31 be the centre of the orbit. 
But if, while T is attracted by S, P be not attracted, or be 
less or more attracted than T, P will no longer be equally 
accelerated and retarded in opposite portions of the orbit, but 
will be more (H* less affected in one portion of ita orbit which 
is towards S thsiti.in the opposite one which is from S; and 
the? opposite portions \till no longer be equally distant from Tf 
or T will no longer be in the centre of the orbit. And if the 
inequality of the action of aS* on T" and on P reach a certain 
liniit, P will no longer revolve about T at all, but will be 
drawn fawwds S if the attraction be greater on P, or will 
recede from S if the action be less, and will describe a path 
which does not respect T as a centre of revolution. 

It appears by observation th^t thf satelHfes of Jnpiter an<{ 
Saturn revolve in orbits which have the primaries for their 
centres exactly or very ttearly. And it does not appear that 
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the motions of the satellites are affected by any inequalities 
which are of different amount on the side next the sun, and on 
the opposite side. Therefore the satellites are not acted on by 
any accelerating force towards the sun, which is, at equal 
distances, perceptibly different from the accelerating force by 
which the primaries tend towards the sun. 

128. Peop. The Moon is attracted by the Sun with an 
Accelerating Force which is the same, at the same distances, 
as that which the Sun exerts upon the Earth- 

This appears by the same reasoning as that which is em- 
ployed in the last proposition ; but the truth of the proposition 
can in this case be shewn more in detail than in that, because 
we can observe the inequalities of the moon'*s motion with great 
exactness. The Variation, and especially the motion of the 
Moon'^s Nodes, shew the action of the sun upon her. Aiid it is 
found that these and other inequalities are the same, both as 
to their laws and their quantities, as those which were cal- 
culated in Sections 2 and 3 of Chap, iv., upon the supposition 
that the sun*s force to disturb the relative motion of the moon 
round the earth depends entirely upon the different magnitude 
and direction of the distances of the moon and the earth from 
the sun. Thus the inequality called the Variation was col- 
lected from observation by Ptolemy, and was found to vary 
as the sine of twice the moon'^s distance from the sun in longi- 
tude, and consequently to vanish at syzygy and quadrature; 
and this inequality is found to depend upon the tangential dis- 
turbing force, and that force is thus shewn to vanish at ,qua- 
drature ; whence it appears that at quadrature, when the moon 
and earth are equally distant from the sun, the attraction of the 
sun upon them is equal. In liice manner the Ejection agrees 
with the inequality arising from the different rate of variation 
of the radial force when the perigee is in quadrature and in 
syzygy; and similarly the other inequalities of the moon's 
motion agree with the supposition of the sun exerting equal 
accelerating forces on the earth and moon, except in so far 
as these forces are modified by the different position an4 
distances of the two bodies. 



S20 

Therefore the earth and the moon are, at equal distances, 
equally attracted by the sun. 

129* Prop. The Force by which the Moan is retained 
in her orbit tends to the Earthy and vari^ inversely as the 
square of the distance from the Earth's centre, 

(Newton, Book III. Prop, iii.) 

The moon^s apparent motion is found by observation to 
vary as the square of her apparent diameter: that is, the 
angle described about the earth in a given time varies as the 
square of the distance. Hence the area described in a given 
time is constant, and the force by which the moon is retained 
in her orbit, tends to the earth by Prop. 2. Introd. 

The moon^s perigee is found by observation to be nearly 
fixed, and therefore by Art* 53., the force varies nearly as the 
inverse sqiiare of the distance. The motion of the perigee in 
each revolution of the moon is only about 3^, and it appears 
from this, by Art. 53., that the index of the power according to 
which the force varies inversely, is 2^ The difference from 
the index 2 arises from the action of the sun (see Art. 77*) 
and may here be neglected. 

130. Peop. The Force by which the Moon is retained 
in her orbit is the same with the Force of Gravity which 
acts upon terrestrial bodies. 

(Newton, Book III. Prop, iv.) 

Let P be the moon^s periodic time, R the mean radius of 
her orbit, a the semidiameter of the earths 

Let the moon revolve in a circle round the earth at rest, at 

a mean distance Q ii^the period P\ and let E be the mass of 

the earth and M of the moon; /F being the mean distance 

when they revolve about the common centre of gravity, we 

*/ E 
have Q^R\/ •= — =j . (Art. 57.) But if the force of 

gravity vary inversely as the square of the distance at the 
earth's surface, we have (Introd. Prop. iv. Cor. 10.) 
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It appears from observation that the moon^s lAean parallax 
has for its value, independent of periodical changes, 56i 55'\ 
(Mac. Cal. Tom. I. p. 120.) which gives for the correspond- 
ing distance of the moon Ry the value a x 60,4. Also it has 
appeared, (p. 205.) that the value of £ is JIf x 58,8. More- 
over P = 27)822 days - 27,822 x 24 x 60 x 60 seconds ; and 

a « 8985 X 5280 feet. 

Hence the force of gravity at the eartVs surface as deduced 
from the moon^s motion will be 

4ir* (60,4)^*58,8 X 3985 X 5280 

; ^— ^-^? — '-— — — = 32,297 feet nearly. 

(27,322 X 24 X 60 X 60)^ x 59,8 -^ 

But the sensible gravity is diminished by the centrifugal 
force arising from the earth^s rotation. At the equator this 

diminution is — of the whole, (see p. 184.). Hence the sen- 

259 ' V r y 

sible gravity will be 32,185 feet. And this is very nearly the 
force of terrestrial gravity. Hence the moon is retained in 
ha: orbit by the force of terrestrial gravity, diminished in the 
ratio of the inverse square of the distance. 

This is often expressed by saying that the moon gravitates 
to the earth. 

Cor. We may infer by analogy that the satellites of 
Jupiter, Saturn and Uranus, gravitate to their respective 
primaries. (Newton, Book III. Prop, v.) 

131. Prop. The Fwroe by which bodies are attracted to 
the Earth arises from forces tending to each part of the mass^ 
and varying inversely as the square of the distance^ 
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If the earth be a sphere homogeneous or concentrically 
heterogeneous, consisting of particles each of which exerts a 
force varying inversely as the square of the distance, the whole 
effect will tend to the centre of the sphere, and will vary in- 
versely as the square of the distance by Art. 91. Hence the 
force which has been shewn to tend to the earth's centre, 
may, so far as can be collected from the law, either be a force 
tending to the central point, or the result of forces tending 
to each particle. 

On either supposition the earth would, in consequence of 
the rotatory motion and the resulting centrifugal force, become 
an oblate spheroid. But on the former supposition the force 
of gravity would tend to the centre of the spheroid ; on the 
latter it would be everywhere perpendicular to the surface. 
On the former supposition the length of the degrees of latitude 
would be greatest at the equator, and would diminish in going 
towards the poles : on the latter, the degrees of latitude would 
be least at the equator, and would diminish in proceeding 
towards the poles. 

It has been ascertained by various measurements made 
in different countries, that the degrees of latitude are less in 
places near the equator than they are in more polar regions. 

By Lambton's measures in India, the arc of the meridian 
from lat. 8® 9' 38^,4 to lat. 10^ 59' 48",9 is 1029100,5 feet. 

By Svanberg^s measures in Sweden the arc 
from lat. 65° 3l' 32",2 to lat. 67° 8' 49",8 is 593277,5 feet. 
In the former case the arc = 2® 50' 10",5 = 2°,83625, 

J i_ 1 1 i. t 1029100,5 

and the mean length of a degree = —^ = 362838,4 feet, 

2,83625 . 

the middle of the arc being in lat. 9" 34' 44". 
In the latter, the arc = 1" 37' 17",6= lo,62155, 
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59S2 77 4 5 

and the mean length of a degree = — = 3658706,7 feet^ 

1,62155 

the middle of the arc being in lat. 6ff* 20' lo". 

Hence it appears that the form of the earth agrees with 
the supposition of a force tending to each particle, and not 
with the supposition of a force tending to the central points 

Again, it is found that masses of matter do exert a force 
of attraction which may under certain circumstances, be com- 
pared with the attraction of the earth. 

Thus by astronomical observations made on the mountain 
Shehallien in Scotland, in which a plumb line was used, it 
was found that the directions of the plumb line on the north 
and south side of the mountain made a greater angle than 
they would have done in consequence of the rotundity of 
the earth, if the mountain had not been thel*e. In each 
position the plumb line was drawn towards the mountain. 

Also Mr Cavendish found that when a rod with a leaden 
ball at each end was suspended by a very fine thread, and 
other balls brought near those leaden balls, so that their at" 
traction might tend to turn the rod horizontally, the rod was 
turned through a measurable angle, the attraction of the balls 
thus exerting a force sufficient to twist the thread. 

Thus it appears that stone and metals do exert a force 
of attraction, and a globe like the earth, composed of such 
materials, would by this force cause bodies to tend to it« 
And the results of such a force would in all respects resem- 
ble those of the force which the earth exerts on the moon 
and terrestrial bodies. Such a force tending to the parts of 
the earth, is shewn to exist, and explains the phenomena ; it is 
therefore the cause of those phenomena^ 

Cor. The force of attraction of the earth may, by the* 
experiments just spoken of (those of Maskelyne and Cavendish) 
be compared with the force of attraction of a mountain, sup- 
posed to be a known mass of stone, or with the force of attrac-' 
tion of a given mass of lead. 
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The force of attraction of the earth being known as com- 
pared with that of a given mass, if we suppose the force of 
attraction to be as the mass or quantity of matter of the earth, 
we can find the whole quantity of matter of the earth. 

Knowing the quantity of matter and the magnitude of the 
earth, we can find its density, as compared with the density of 
any known substance. 

The density of the earth, and therefore its quantity of 
matter, was found to be nearly of the same value by the two 
sets of experiments above mentioned. By the calculations of 
Dr Hutton from Maskelyne^s experiments the density was 
5,3 : by calculations from the experiments of Cavendish it 
was 5. 

132. Pnop. Terrestrial Bodies are attracted by the 
Earth and by each other proportionally to their Quantities 
of Matter* 

(Nkwton, Book III. Prop, vi.) 

The accelerating force is as the attraction or pressure 
directly, and as the quantity of matter inversely, by the third 
Law of motion. Hence, the attractions of the earth on dif- 
ferent bodies are as the quantities of matter, if the accelerating 
force of gravity on all bodies be equal. 

All bodies fall towards the earth with equal velocities, 
tnaking allowance for the different effects of the resistance of 
the air. 

The expetiitient can be made most accurately by means of 
pendulums; and Newton performed it in a manner which he 
describes as follows: 

^^ t took two boxes of wood, round and equal. I filled 
the one with wood, and suspended an equal weight of gold 
(or other material) in the centre of oscillation of the other, 
as nearly as I could < These boxes, suspended by equal 
threads, eleven feet long, formed two pendulums, which, in 
regard of weight, figure, and the resistance of the air, were 
perfectly equal. Being put in oscillation near each other, they 
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swung to and fro in exact accordance for a very long period. 
Therefore the quantity of matter in the gold was to the quan- 
tity of matter in the wood, as the moving force on the gold, 
to the moving force on the wood ; that is, as the weight of the 
one to the weight of the other. And so in the rest. I tried 
this in the case of gold, silver, lead, glass, sand, salt, wood, 
water, wheat. A difference in the quantity of matter which 
amounted to a thousandth of the whole, would be clearly 
detected in this manner."" 

Again, from the experiments of Maskelyne and Cavendish, 
mentioned in Art. 131, it appeared that the mass of the earth, 
obtained by coipparison of its attraction with that of known 
bodies on each other, and by supposing their attraction pro* 
portional to their quantity of matter, was nearly the same 
when deduced from different bodies; from the mountain and 
from the leaden balls. Hence, the supposition that bodies of 
this kind attract each other with forces which arc proportional 
to their quantities of matter, when compared with the earth 
and with each other, is true. 

133. Prop. The parts of the Earth are attracted by 
the Sun and the Moon, 

It has been shewn that a motion of the sea, agreeing in 
most of its circumstances with the phenomena of the tides, 
would result from the joint action of the sun and moon upon 
the waters of the ocean. We may therefore attribute those 
phenomena to that action. 

It has been shewn also that a motion of the terrestrial 
sphere which would produce phenomena resembling the pre- 
cession of the equinoxes, and of nutation, would result from 
the action of the sun and moon upon the protuberant meniscus 
by which the terrestrial spheroid exceeds the inscribed sphere. 
Therefore we may infer that these phenomena are the result 
of such actions. 

134. Peop. The Planets attract each other and the Sun. 

The planets produce inequalities in each other''s motions, 
which follow from the supposition of thrir mutual attraction 

Ff 
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in the same manner as the lunar inequalities follow from the 
supposition of the mutual attraction of the earth, moon, and 
sun. 

Thus the perihelia of all their orbits advance, except that 
of Venus, which is retrograde. The inclinations of their orbits 
to the ecliptic also change ; and their nodes upon the ecliptic 
are retrograde. 

The amount of these perturbations is calculated by the 
Planetary Theory : and this theory, proceeding on the sup- 
position that the disturbing planet attracts both the Sun and 
the planet disturbed, give, as results, certain inequalities in 
the planetary motions which agree in their law and quantity 
with observation. 

135. Prop. If m a system of any number of bodies 
A, B, C, D, &c. each body A attract the others B, C, D, &c. 
with accelerating forces which vary inversely as the square 
of the distance^ the attractive powers of any two bodies A, B 
are as their quantities of matter, 

(Princ. Book I. Prop, lxix.) 

By supposition, the accelerating forces of A on J?, C, 2>, 
&c. are equal, when jS, C, J9, &c. are at equal distances 
from A. In like manner, the accelerating forces of B on 
A^ C JD, &c. are equal at equal distances. Now the attractive 
power of A is to that of 5, as the accelerating force which 
A exerts on C is to that which B exerts on C at the same 
distance. But the attraction or pressure which A exerts on B^ 
and that which B exerts on A are necessarily equal, being 
action and re-action. Hence, the accelerating force of £ on ^ 
and of A on JB, are inversely as A and JB, or directly as B 
and A. Also, the accelerating force of ^ on C is, by sup- 
position, equal to that of ^ on JB; and the accelerating force 
of jB on C is equal to the accelerating force of B on A. 
Hence, it follows that the accelerating force of A on C is to 
that of jB oh C as j< to jB ; and therefore the attractive power 
^f A is that of B as A to B. 
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CoE. 1. Hence, if in the system of the universe it be 
found that the accelerating force exerted by each body on 
the others, is inversely as the square of the distance, and 
does not diflFer for different bodies attracted, the attractive 
power of each body is as its quantity of matter. 

Cob. 2. The quantity of matter of each attracting body 
may hence be determined, by determining its attracting power 
from its effects on other bodies. And if the quantity of matter 
of any attracting body, thus determined, be found to be the 
same whatever be the attracted body which we consider, this 
identity is a proof that the attraction which takes place be- 
tween the attracting and attracted body, is proportional to 
their quantities of matter alone, and does not vary with any 
peculiar properties of the different bodies. 

If the mass of the attracting body were found to be of a 
different value, by calculations deduced from different attracted 
bodies, the inference to be drawn would be, that the attraction 
which takes place between the different bodies does depend in 
some measure upon some peculiar property of the matter of 
each, and not upon the quantity of matter alone. 

Thus, it has been supposed by some astronomers, that 
the mass of Jupiter^ as deduced from the perturbations of 

Saturn, is of the mass of the Sun ; but that the mass 

1070 

of the same planet, as deduced from the perturbations of 

Juno and Pallas, is about of that of the Sun. If this 

1054 

difference should be confirmed by accurate observations and 
calculations, it would follow that the attractive power of the 
Sun and of different planets is not proportional to their quan- 
tities of matter alone. But the above masses cannot as yet 
be considered as determined with sufficient certainty and ex- 
actness to authorize any such conclusion. 

136 Prop. All portions ^f matter exert a Force of 
Attraction which is as the Quantity of Matter^ and varies 
inversely as the square of the distance. 
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This is the Law of Umiveksal Gravitation. ' * 

It has appeared that the Sun attracts the planets, (Art. 125,) 
that the planets attract the satellites, (Arts. 126, 1290 ^^^^ ^^^ 
Sun also attracts the satellites, (Arts. 127, 128,) that the planets 
attract each other, (Art. 134.) It has appeared also, that the 
Sun and Moon attract the different parts of the Earth, (Art. 
133,) and that the portions of terrestrial matter attract each 
other, (Art. 132.) A mutual attraction is thus found to prevail 
among all the portions of matter, both on the earth and 
in all parts of the universe, so far as we have the means, by 
observation or experiment, of tracing its effects. We infer, 
therefore, that it obtains universally. 

The attraction which prevails between the larger portions 
of matter, agrees exactly with that which would result from 
the compound action of all the component small portions. 
The Sun, planets and satellites are spheres, or nearly spherical ; 
and hence, an attraction of the particles varying inversely as 
the square of the distance, would have for its result a force 
tending to the centre of each, and varying inversely as the 
square of the distance, which is such a force as we find to 
exist. 

In the case of the Earth, it has appeared (Art. 130,) that 
the attraction of the whole mass is the result of the joint 
action of all the parts; and that it is as the quantity of 
matter, (Art. 132,) agreeing with the supposition that all equal 
portions of matter exert equal forces. 

The Earth, and the other globes which, like it, revolve 
round the Sun, are, so far as we can discover, of the same nature 
as the Earth and governed by the same laws. Thus, the form 
of Jupiter is perceptibly oblate as that of the earth is. Hence, 
we infer that the attraction which thev exert is of the same 
kind, and depends on the same causes, as that which the earth 
exerts; and hence, that in those instances also the effect c^ 
the whole is the sum of the effects of the particular parts. 

We find that the separate bodies of the system (planets 
and satellites), attract each other with forces which are in- 
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Tersely as the squares of the distances. If we suppose several 
such bodies to coalesce and form a new sphere, the attraction 
of this sphere will be composed of the attraction of its par^ 
ticular parts, and its effects will be in all respects like those 
of a planet. 

Hence, we infer that all the parts of matter are governed 
by a Law of Universal Gravitation, and that gravity and the 
motions which take place among the bodies of the universe, are 
the results of this Law, thus aifecting the component parts of 
the sun, earth, planets and satellites. 

Cor. 1. It may be objected, that if this be true, ter- 
restrial bodies ought perceptibly to attract each other. But, 
as has already been observed, their attraction is to the force 
of gravity as the mass of the body is to the mass of the 
Earth. The attraction is therefore much too small to be 
sensible without some peculiar contrivance. 

Cob. 2. The force of gravity is of a different nature 
from the magnetic force. For the magnetjc attraction is not 
proportional to the matter attracted. And some bodies are 
attracted more than others ; while some are not attracteSd at all. 
Also, the force of magnetism in the same body may become 
more or less intense, and is often much greater than gravity 

in proportion to the quantity of matter. 

• •• . • • 

137. In the preceding Induction of the Law of Universal 
Gravitation, the inference has been made by shewing that, 
1**, the Laws to which we are led by all the phenomena of 
terrestrial gravity, 2% the Laws which regulate the primary, and 
3^j the secondary motions of the solar system, 4% the various and 
complex Laws which regulate the minute perturbations of the 
movements and forms of the bodies of the system, and 5% the 
Laws of certain phenomena which take place among terrestrial 
bodies in general (their mutual attraction) are all included in 
this one single Law. And this Law in general is nothing 
more than an extension of each particular Law; and each 
of the separate Laws is only a particularization of the general 
Law, according to the subject to which it is applied. 
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The Law of Universal Gravitation is the simplest General 
Law which can include all these particular Laws. But it may 
be possible to assume some other more complex Law whidi 
shall also include such of these particular Laws as are certainly 
established. Thus supposing the three first to be proved be- 
yond doubt, it is possible to assume an hypothesis which 
shall verify these, and not verify 4P and 5°. These latter 
Laws, depending upon the mutual perturbations of the planets, 
and the mutual gravitation of terrestrial bodies, require for 
their confirmation the greatest accuracy of observation and 
experiment, and may perhaps be considered as still susceptible 
of receiving further support from facts. 

Assume the following Hypothetical Law. 

Let bodies be composed of different elements a, 6, c, &c., 
of which a attracts a only, b attracts b only, &c. ; a not at- 
tracting by &c. Let the Sun contain equal quantities of each 
of these elements, and let all the parts of the system of each 
planet (its body and its satellites) be in regard to their elements, 
similarly composed. 

Let there be two bodies JC and F, of which the first 
contains of the elements a, 6, o, &c., the quantities 

and the second, the quantities F^, F^, F^,...The attraction 
of the two bodies will be 

Hence, the accelerating force on the first body will be 

X^ + X\f + Xf, + ••• 

Now if aS be the Sun, by supposition S^^ S\,^ Sc^ &c....(l). 

Also if P be a planet, /, //, &c., its satellites, by sup- 
position 

'' • =P,.h: Ih ' ...^Pc : /. •• H ' ... = &c. (2) 
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And if J? be the Earth, M the Moon, B^ &c.^ terrestrial bodies, 
by supposition 

E„:B^:M^: ... = JC^ : 5^ : Jlf ^ : ... ^E^:Bc'.Mc'. ... = &c. (3). 
1^ Hence, for the accelerating force of S on P, we have 



P^^P.^P^J^... 



= >?«. by (1). 



Hence, the force of S on different planets at the same distance 
is equal, and the reasoning of Art. 128, continues true. 

2^. Again, for the accelerating force of P on /, //, &c. 
for example. 



force of P on / = 



PJ,^PJ,^PJ,^ ... 



Let P^ : 7^=1 : X, hence, h^^Pa^ 

and /, = XP„ /, = XP„ &c., by (2). 



force of P on /= 



XP/ + XPft^ + X P / + ... ^ P^^-hP.' + P,^^-.,. 
XP« + X P. + XP. + ... P. + P, + P, + ... ' 



which being independent of /, 77, &c., is the same for all the 
satellites, and the reasoning of Art. 126, continues true. 

3^. By exactly the same reasoning as that in the last case, 
and by supposition (3). Art. 130, would still be verified, 
namely, that the accelerating force upon all terrestrial bodies 
is equal, and is equal to that upon the satellite: and the 
same would be true for any primary. 

4P. Yet in this case the accelerating force of a planet N 
on two others P, Q and on the Sun S would not be equal. 
Thus the accelerating attraction of JV on S is 

The accelerating attraction of iV on P is 

P„ + P, + P^+... 
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The accelerating force of JNT on Q is 

and these expressions, taken generally, are diflFerent from each 
other. 

5®. Also for the accelerating attraction of a terrestrial 
body Bj on another C, we have 

B,C, + B,C, + &c. 

And if B and C be similarly constituted so that 

Cf. ' Ci :: B^ : B^^ 

we have the attraction 

In like manner for the attraction of B on D* on the same 
supposition, we have 

fi/ + 5/ + &c. 

And these are as C to D, that is, the attractions are as 
the bodies attracted. 

But if the bodies C and D be not constituted similarly 
to jB, this is not necessarily true. 

The supposition made above concerning the constitution 
of bodies, resolves itself into the Newtonian Doctrine, if we 
suppose one element only. 

138. Prop. To compare the Masses of the Sun^ the 
Earthy and the Planets which have Satellites. 

(Book III. Prop. VIII. and Corollaries.) 

Let P be the period of the revolving body in days (planet 
or satellite), R the number which represents its mean distance 
(see Arts. 123, 126,) and p the unit of length in which this is 
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measured. Then by Introd. Prop. 4, Cor. 10, F = — — -^ , 

where F is the force at the orbit of the revolving body. 
And at the distance l from the centre of the central body, 
this is increased in the ratio {RpY ' 1. Hence at the dis- 

tance 1, the force is " : and by Art. 136 this is a« 

the mass. 

The logarithm is 

2 log. Stt + 3 log. /t> - (2 log.P - Slog.R), 

In the case of the Moon P = 27,322, R = 60,4, 
taking the Earth^s radius = 1. 

Hence 2 log. P - 3 log. R = 3,5299143. 

The Sun's parallax is about 8",72: hence the Earth's 

radius being l, the Sun's distance is -: ;;; — = 23686 nearly, 

sm. 8 ,72 

and its logarithm is 4,3745054. Hence, since in Art. 124 the 
Sun's distance is 10, p = 2368,6 and taking 2 log. P - 3 log. R 
from Art. 124, we have for the log. of the number cor- 
responding to the Sun's mass, 

2 log. 27r + 3 (3,3745054) - 2,1250030, 
or 2 log. 27r -H 7,9985132. 
And for the Earth, the log. is 
= 2 log. 27r - 3,4299143. 

Hence we have 5,5284275 the logarithm of the ratio of 
the masses, and the mass belonging to the Earth being 1, 
the Sun's is 337620. 

We have in the preceding calculations supposed the 
Moon to revolve round the Earth at rest. But if E, M 

Gg 
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be the Earth and Moon revolving about their common centre 
of gravity, S^ T any other two bodies similarly revolving, 
p, P the periods respectively, r, R the distances ; we have, 
by Art. 57, Cor. 1, 

w 

Or if T may be neglected in comparison of *?, 

Hence, it appears that the ratio of the mass of S above 
determined, is that which it bears to E + M, 

Now (p. 205.) E - 58,8 X M; hence increasing the above 
number in the ratio E : E + M^ or 58,8 : 59,8, we have 
SS6590 for the ratio of the Sun's mass to the Earth's. 

Again, for Jupiter; his radius —\\-p\ of which 
log. = 1,0413927; and taking the Satellite iv in Art. 127, the 
log. of the mass is 

2 log. 27r + 3(1,0413927) - 2,1508462 = 2 log. 27r + 4,9733319, 

and for the mass of the Earth and Moon, the log. is 

= 2 log. 27r - 3,5299143 ; 

hence the log. of the ratio is 2,5032462 ; and the log. of the 
ratio to the Earth alone is 2,5045737, and the ratio 319,5. 

The log. ratio of the mass of the Sun to that of Jupiter 
is 3,0251813, and the ratio 1059,3 : 1. 

In a similar manner the mass of Saturn may be found. 

Cor. 1. To find the density of the Sun, Jupiter, or Saturn, 

mass 

we have density = ; or if a be the radius of the body, 

content "^ 

_ . mass 

density = — . 

3 
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4.7r 
Hence, log. density = log. mass — log. 3 log. a. 

And the log. mass being found as in the proposition, we 
have hence the ratio of the densities. 

Thus for Jupiter 

log. density = 2,5032462 - log. Slog. 11, 

3 

for the Earth 

47r 
log. density = — log. 3 log. 1 . 

3 

Hence the log. ratio is 1,3790681 and the ratio = ,2397? so that 
Jupiter's density is less than one quarter of the Earth's. 

CoE. 2. To find the superficial gravity of the Sun, 
Jupiter, or Saturn: supposing a the radius, 

/. ^ _ -. I , mass 

lorce at surface = force at dist. 1 x — - , and oc — -- : 

a^ or 

and hence the superficial gravity in different cases will be 
compared with that at the Earth's surface, by means of the 
preceding calculations. 

^, , eravity at Jupiter's surface 

Thus, log. ^ r-f : - 2,5032462 - 2 loff. 1 1 

terrestrial gravity • 

= ,4204608, 

and the number corresponding to this is 2,6331. 

This is the proportion in which the weight of a body 
would be increased, if transferred from the Earth's surface 
to that of Jupiter. 

139. Prop. To determine the Mass of the Earth by 
a comparison of the rate of oscillation of a pendulum at 
the surface and at a point below the surface. 

'm 

Let a be the radius of the Earth, (supposed spherical,) 
b the depth of the lower pendulum station, (which is supposed 



236 

to be a small fraction of the earth^s radius). Also let n be the 
mean density of the spherical shell which is above the lower 
station, m the mean density of the sphere which is below the 
lower station. And let 1 — c : 1 be the ratio of the rates of 
the same pendulum at the surface and at the lower station. 

^ The mass of the internal sphere will be (a — 6)^, and 

of the superficial shell the mass will be {a^ — (a — 6)'}. 

Each of these will attract with a force which may be expressed 
by the mass, divided by the square of the distance from the 
centre. Therefore the attraction on a point at the surface is 



ifTrm {a — by ^irfi 



{-m- 



Also the attraction of the superficial shell on a point at the 
lower station is nothings (Art. 90.) Therefore the attraction 
there is 

47rw 

Hence the ratio of the attraction at the surface to that 
at the lower station is 



7W (a - hf + na^ — n (a - bf 
mc?{a — h) 



\ mi \ a] m\ a) 



-1 



2fe n%h nh h 

=rl 1 + , omittmfi^ powers oi — , which is small ; 

a m a m a a 



h I 3n\ 

= 1-- 2 . 

a \ ml 



But the ratio of these attractions, or of the force of gravity 
at the two stations, is ^e ratio of the squares of the times of 
oscillation of the same pendulum : that it is, (l - c)'^ : 1 or 
1 - 2c : 1, c being small. 
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1,5 



Hence 2c « - (2 ) and — 

a \ m I n 



ca 

1 

6 



Also the mean density of the whole sphere 
mass m(a — by + n{a^ - (a — by] 



content a^ 

= (m-?^) (l J +w = i»-(m-n) [ — +&c.) 

= m nearly. 

Suppose the depth of the lower station to be of the 

^ 20000 

Earth's radius ( = 1000 feet nearly :) then - = 20000. 

If a seconds pendulum gain p" per day at the lower station 

1-c : 1 :: 86400 +p : 86400. 

__ p . ca p X 200 

Hence c = — ; ; and —- = = i> x ,23. 

86400 6 864 ^ 

If the pendulum gain l" per day, we find thus the ratio 
of mean density to the density of the superficial stratum 

m 1,5 , 

— = = lj9 nearly. 

w 1 - ,23 -^ 

If the pendulum gain 2" a day 

m 1,5 , 

— = ;; = 2,8 nearly. 

?i 1 - ,46 ' -^ 

If the pendulum gain 3" a day 

m 1,5 , 

— = = 4,8 nearly. 

71 1 - ,69 ^ 

If the pendulum gain 4" a day 

m 1,5 _ 

— = = 18,8 nearly. 

n i -,92 -^ 
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If the pendulum gain 4,32 seconds a day, J is infinite : 

that is the diminution of gravity is just so much as is due to 
the change of distance from the centre, and the superficial 
stratum produces no effect in comparison with the central 
mass. 

If the Earth be supposed not to be perfectly spherical 
or regular, the formula will still be applicable; for the at- 
traction of the parts of the superficial stratum in the neigh- 
bourhood of the pendulum stations will be much greater than 
that of all the irregular elevations and depressions in other 
parts, by which the figure differs from a sphere. 

The rate of oscillation of the pendulum at the upper and 
lower station may be compared, by comparing the rate of each 
pendulum with that of a clock placed near it, and comparing 
the two clocks by means of chronometers carried from the one 
to the other. 
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